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Competition of mixing and segregation in rotating cylinders
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~Received 5 March 1998; accepted 1 March 1999!

Using discrete element methods, we study numerically the dynamics of the size segregation process
of binary particle mixtures in three-dimensional rotating drums, operated in the continuous flow
regime. Particle rotations are included and we focus on different volume filling fractions of the drum
to study the interplay between the competing phenomena of mixing and segregation. It is found that
segregation is best for a more than half-filled drum due to the nonzero width of the fluidized layer.
For different particle size ratios, it is found that radial segregation occurs for any arbitrary small
particle size difference and the final amount of segregation shows a linear dependence on the size
ratio of the two particle species. To quantify the interplay between segregation and mixing, we
investigate the dynamics of the center of mass positions for each particle component. Starting with
initially separated particle groups we find that no mixing of the component is necessary in order to
obtain a radially segregated core. ©1999 American Institute of Physics.
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I. INTRODUCTION

When granular materials are placed in rotating cylinde
different flow dynamics are observed. The major portion
the particles undergoes a solid body rotation by following
cylinder motion. Close to the free surface, a downhill parti
flow is observed where the flow dynamics depends on
rotation speed of the cylinder.1–3 For low rotation speeds, th
surface flow consists of individual avalanches called the
crete avalanche regime. With increasing rotation speed
separation time of avalanches will decrease until no in
vidual avalanches are detectable. A nearly constant par
flow is found along the free surface and this regime is c
sequently termed the continuous flow regime. Close to
transition, the surface can be well approximated by a stra
plane, which can be used to determine the surface angle
even higher rotation speeds, cascading, cataracting and
trifuging particle motion is also observed.1 Experiments per-
formed in the discrete avalanche regime using mono-disp
particles show that the mixing time depends strongly on
volume filling fraction of the cylinder and no mixing is see
for an exactly half-filled cylinder.4 A theoretical description
could be given which is based on the mixing betwe
wedges.4–6 On the other hand, when a mixture of particl
which differ in size or density are placed in a rotating cyli
der, the denser or smaller particles will concentrate in a c
tral region close to the free surface after only a few rotatio
which is termedradial segregation. This was studied experi
mentally and numerically for varying size ratios7–11and den-
sity ratios.12–14 The amount and direction of segregation d
pends on the rotation rate.1 However, radial segregation i
always observed in the continuous flow regime, regardles
the filling fraction of the cylinder and we are investigatin
numerically the interplay of the two competing phenome
of mixing and segregation, a problem first studied by Ros15

and restated by Behringer.16 We are particularly interested i
1381070-6631/99/11(6)/1387/8/$15.00
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the dependence of the total amount of segregation on the
ratio of glass beads and how the segregation behaves for
ratios close to one.

The paper is organized in the following way: After
brief motivation of the physical system in mind in the begi
ning of the next section, we will explain our numeric
model and the physical meaning of the parameters in
remainder of Sec. II. In order to model the dynamics of gla
beads correctly with our model, we have to include rolli
friction. The details of our implementation are given in th
appendix. We define an order parameter which allows
quantify the amount and the speed of radial segregation.
dynamics of this order parameter are discussed in deta
Sec. III for different particle size ratios and as a function
the volume filling fraction of the cylinder. In addition, w
start with an initial configuration similar to the one used
the original experiment on the mixing of mono-disper
particles4 to demonstrate how the radial segregation co
petes with the mixing process.

II. MOTIVATION AND NUMERICAL MODEL

In many radial and axial segregation experiments, one
the components are glass beads. They are commerc
available in large quantities and can easily be sieved
nearly uniform size distribution. When sufficiently large, th
cohesion forces are negligible. In the continuous flow
gime, the dynamic angle of repose for glass spheres seem
be independent of the bead diameter for a range of rota
speeds of the cylinder as long as the free surface rem
flat.17,18 Since they are nearly perfectly round, particle ro
tions are an important degree of freedom and cannot be
glected in a theoretical or numerical description.

We investigate the radial segregation process num
cally by using a cylinder with periodic boundary condition
along the rotational axis. Using a numerical method gives
the freedom to vary particle size ratios freely, whereas
experiments only a limited number of particle diameters a
densities is available. In order to determine the minim
7 © 1999 American Institute of Physics
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1388 Phys. Fluids, Vol. 11, No. 6, June 1999 C. M. Dury and G. H. Ristow
length of this cylinder, i.e., to avoid artifacts due to the p
riodic boundary conditions, we have investigated the ra
of the boundary effects in a previous study.18

A. Forces during collisions

Each particlei is approximated by a sphere with radiu
Ri . Only contact forces during collisions are considered a
the particles are allowed to rotate; we also include roll
resistance to our model to correctly describe the dynamic
glass beads~see the appendix!. The forces acting on particle
i during a collision with particlej are

Fi j
n 52Ỹ~Ri1Rj2r i j n̂!2gnvi j n̂, ~1!

in the normal direction (n̂) and

Fi j
s 52min~gsvi j • ŝ~ t !,muFi j

n u!, ~2!

in the tangential direction (ŝ) of shearing. In Eq.~1!, gn

represents the dynamic damping coefficient and Eq.~2! gs

represents the dynamic friction force in the tangential dir
tion. r i j represents the vector joining both centers of ma
vi j represents the relative motion of the two particles andỸ
is related to the Young Modulus of the investigated mater
Dynamic friction in this model is defined to be proportion
to the relative velocity of the particles in the tangential
rection.

During particle–wall contacts, the wall is treated as
particle with infinite mass and radius. In the normal dire
tion, Eq. ~1! is applied, whereas in the tangential directio
the static friction force,

F̃ i j
s 52minS ksE vi j • ŝ~ t !dt,muFi j

n u D , ~3!

is used. This is motivated by the observation that when p
ticles flow along the free surface, they dissipate most of th
energy in collisions and can come to rest in voids left
other particles. This is not possible at the cylinder walls.
order to avoid additional artificial particles at the walls w
use a static friction law to avoid slipping and allowing for
static surface angle when the rotation is stopped. Both
gential forces are limited by the Coulomb criterion, see E
~2! and~3!, which states that the magnitude of the tangen
force cannot exceed the magnitude of the normal force m
tiplied by the friction coefficientm. Even though the experi
mentally measured friction coefficient for fresh glass bead
m50.09219 this can only be viewed as a lower bound in o
case due to the wear of material caused by the uncount
bead collisions in the course of the experiment. For partic
particle collisions we usem50.19, and for particle–wall col-
lisions, mw50.6. The coefficient of restitution for wall col
lisions is set to 0.97 and to 0.831 for particle–partic
collisions, which are the measured values for glass bea19

and the density was set tor52.5 g/cm3. In order to save
computer time, we setỸ to 63104 Pa m which is about one
order of magnitude softer than glass, but we checked that
has no effect on the investigated properties of the mate
e.g., by measuring the dynamic angle of repose as a func
of rotation speed. This gives a contact time during collisio
Downloaded 18 May 2009 to 132.180.92.65. Redistribution subject to AIP
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of 1.131026 s, which is still quite small. The total numbe
of particles we used were up to 17000.

B. Order parameter

To compare the quality and speed of the segregation
different runs with different parameters, a suitable order
rameter is needed. For this we divide the cylinder with
ameterD into n concentric hollow cylinders with thicknes
D5 D/2n and measure the number density of the sma
particles,r i , in each hollow cylinderi 51, . . . ,n ~see Fig.
1!. We choose as such an order parameterq the sum over all
positive deviations ofr i above the mean number density,

r05
Number of small particles

p~D/2!2f
,

in a cylinder with a filling fractionf, normalized with respec
to the ideally segregated case, where all inner cylindei
51, . . . ,c are composed only out of small particles show
in gray in Fig. 1 and in the outer cylindersi 5c11, . . . ,n
only out of large particles; see also Ref. 11. To get reas
able results, we takeD to be of the order of the diameter o
the larger particles, which gives in our casen511. For
smaller values ofn, the spatial resolution gets worse and f
higher n fluctuations become more pronounced, since th
would be ‘‘empty’’ shells with no particle centers in it. Fo
varying n around 11,q has an over-all error of 0.03 forn
P@9,20#.

III. SIZE SEGREGATION

For our simulation we use a cylinder with a diameter
D57 cm and a length of 2.5 cm. It is filled with a binar
mixture of large beads having a radius ofR51.5 mm and
small beadsr P$0.75 mm, 1.0 mm, 1.25 mm%. The small
particles can have a concentration of 50% or 33% by v
ume. The aspect ratio of the drum diameterD to the average
particle diameter 2r is D/(2r )528 which is of the order of
laboratory experiments, where we haveD/(2r )525 up to 40
for the example in Ref. 1. For the rotation rate of the dru
used throughout this paper,V515 rpm, we are in the con
tinuous flow regime with a flat free surface, and the Frou
number is

FIG. 1. Cross section through a more than half-filled cylinder.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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Fr 5
V2L

g
58.831023,

so we can neglect inertia effects.

A. Packing fraction

The volume filling fraction is defined as the ratio of th
volume occupied by the granular material to the cylind
volume, reading as

f 5
Voccupied

~D/2!2pL
, ~4!

where the occupied volume depends on the packing frac
h via

Voccupied5
1

h (
all particles

4

3
r 3p. ~5!

Hence, the packing fractionh is determined by

h5
(all particles~4/3! r 3p

f •~D/2!2pL
; ~6!

i.e., filling the drum with a certain filling fraction and sum
ming up the volumes of each particle. We found that t
packing fractionh does not change with the amount
achieved segregation. However,h depends on the particl
size ratio of small and large particlesFªr /R giving h50.65
for F50.5 with a monotonic decrease toh50.593 for
F50.96. In Fig. 2 we usedF50.75 mm/1.5 mm50.5 and
the cylinder was rotated for 21

2 revolutions, which gives a
nearly complete radial segregation. The small particles,
noted byL, are mostly found in the middle of the cylinde
whereas the large particles, denoted by1, show a higher
concentration in the outer cylinders. Also shown is the to
volume occupied by all spheres, denoted byh, which gives
an average value in each cylinders ofh50.64 which is close
to the value for a random particle packing.

FIG. 2. Volume fraction of small and large particles in each cylinder fo
volume filling fraction of 66.4%.
Downloaded 18 May 2009 to 132.180.92.65. Redistribution subject to AIP
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B. Time evolution of the order parameter

Usually the initial state is a random mixture of small a
large particles which gives a value ofq'0. The order pa-
rameter will show a global trend of increasing in time a
saturates on the long run when the cylinder rotation
started. A typical time evolution ofq using a 50% volume
fraction of 1.0 mm smaller particles is shown in Fig. 3. T
general trend can be well approximated by an exponen
saturating function of the form

q~ t !5q`~12e2t/tc!, ~7!

with a characteristic segregation timetc and a final amount
of segregationq` . The best fit to the data points was o
tained for the parameterstc5(6.160.3) s andq`50.644
60.040, respectively, which was added to Fig. 3 as a s
line.

When working in the discrete avalanche regime, it w
found in experiments4 and mathematical models5,6 that the
least amount of geometrical mixing is given for a half-fille
drum which could be explained by the avalanche mixing
wedges. Peratt and Yorke5 applied their model also to the
continuous avalanche regime by taking the limit of an in
nitely thin flowing layer and no change in the angle of repo
during the flow. Motivated by these findings, we expect
for our setup to get the least geometrical mixing for fillin
fractions around 50% as well and the strong fluctuatio
which are most pronounced for a filling fraction of 50% a
a clear sign for slow geometrical mixing. The average vel
ity and the shape of the fluidized layer was, e.g., calcula
by Khakharet al.20

Fourier-transforming these fluctuations gives main pe
for the 50% and the 80% filled drum atT5(2.5660.09) s
and T5(3.1860.15) s, albeit the peak for the 80% fille
case is much less pronounced than in the 50% case, a
shown in Fig. 4; higher harmonics are also visible. The
times were obtained as the peaks in the Fourier-transf
and correspond exactly to the time it takes for a particle

FIG. 3. Typical time series of the order parameterq for two different filling
fractions of the cylinder with 1.0 mm and 1.5 mm beads.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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make one revolution, i.e., to appear at the same spot ag
given as

T5
a

V
1

l

^v&
, ~8!

wherea is the arc where the particle is in the solid blockl
the length of the fluidized layer and^v& the average velocity
of the particles in the fluidized layer. For a half-filled dru
this givesa5p andl 52R. From this, we calculatêv& to be
^v&512.5 cm/s in each case. This is in agreement with
detailed simulations where we get^v&58.8 . . .17.7 cm/s de-
pending on the filling ratio and the particle sizes. The de
of the fluidized layer is determined as in Refs. 21 and 22
looking at the velocity profile along a line through the cen
of the drum and perpendicular to the free surface. The de
of the fluidized layer is the distance from the free surface
the point where the velocity profile reaches its zero value

In Fig. 3, the upper curve~thin line! corresponds to a
half-filled cylinder. Due to the discrete particle number, t
starting configuration might show a slight asymmetry in t
spatial distribution of the particle sizes. This asymmetry w
persist for some time due to the bad geometric mixing; the
fore large fluctuations which slowly decrease in time are v
ible. For other filling ratios of the cylinder, the asymmetry
the beginning will decrease in time very fast due to the g
metrical mixing. This is illustrated by the thick line in Fig.
which is for a volume filling fraction of 80% and, as ex
pected, the fluctuations have a much smaller amplitude
do not show such a pronounced periodicity.

C. Dependence on the filling fraction

We will now turn to the pre-factor of the exponential
in Eq. ~7!, q` , which quantifies the final amount of segreg
tion and study its dependence on the volume filling fract
and on the particle size ratio. This is shown in Fig. 5
three different particle sizes, corresponding to a size ratio
F50.5,0.67 and 0.83, respectively, and a concentration

FIG. 4. Fourier transform ofq(t) of Fig. 3.
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small particles of 50%. For smaller particles, the fin
amount of segregation is higher for nearly all filling ratios
the cylinder which corresponds to a better segregated sys

Since the geometrical mixing will also cause mixing
the segregated core of small particles with the large partic
the best segregation should be achieved for zero mixing,
also Sec. III B. In our case where we have a fluidized la
with finite width, the best segregation occurs not for a ha
filled cylinder, instead it occurs for a filling fraction o
around 65%; see Fig. 5. This might be explainable in
following way: Our fluidized layer has a width of about thre
to four particles, which suggests that the best segrega
occurs not for a half-filled cylinder; instead it occurs for
cylinder where the solid block under the fluidized layer o
cupies roughly 50% of the volume.

Concerning different concentrations of small particle
our parameter was normalized in such a way that the fi
amount of segregation should be independent of the volu
fraction of small particles in the cylinder. We checked th
numerically for a concentration of 50% and 33% and foun
perfect agreement within the error bars. The speed of
segregation is characterized bytc ; see Eq.~7!, stating that
for t5tc the system has reached a segregation of 63% of
final value ofq` . In Fig. 6, we plot the characteristic num
ber of revolutions, defined asnc5Vtc/2p, as a function of
the volume filling fraction of the cylinder for three differen
sizes of the small particles corresponding to particle size
tios of F50.50,0.67 and 0.83 again. The segregation tim
are significantly smaller for the smaller particles which
also found in experiments.23 They also show a general tren
of increasing with an increasing filling fraction. Howeve
for a more than half-filled drum, where the exact value d
pends on the particle size due to the different width of
fluidized layers, the segregation becomes faster again.
can be explained as follows: Due to the nature of the g
metrical mixing, an unmixed core will persist in the midd
of the cylinder for a filling fraction greater than 50%. Th

FIG. 5. The final amount of segregation for a concentration of 50% of sm
particles and three different size ratios.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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exact number depends on the width of the fluidized la
which depends, e.g., on the rotation speed of the cylin
Close to a filling fraction of one, only a small ring close
the cylinder wall can participate in the segregation proce
Consequently, the final amount of segregation is small wh
agrees with Fig. 5, but this value is reached fast, therefore
segregation time,tc , is small. The numerical data indicate
that the filling fraction which corresponds to the maxim
value of tc decreases with decreasing particle size.

It is well known, that the segregation process is fas
and more pronounced if the particle size ratio becom
smaller.23 The results from a two-dimensional rotating dru
model indicate that segregation is observed for an arbit
small size ratio,24 whereas the data from vertical shakin
experiments suggest a cut-off ratio aroundF50.5.25 In order
to address this question, we show in Fig. 7 the final amo
of segregation,q` , as a function of the particle size ratio,F,
for a concentration of small particles and a volume filli
fraction of 50%. Even though obtaining accurate data
values ofF close to one is rather difficult due to the lon
segregation time, the data shown in Fig. 7 support the
pothesis from Ref. 24 that segregation will be present for
finite size difference. This was determined by using a lin
fit of the form

q`~F!5c~F2F0!, ~9!

which gives c51.660.1 and F051.0060.02 when all
seven data points are used for the fit; shown as a dashed
in Fig. 7.

Due to our definition, the maximal achievable value f
the final amount of segregation isq`51. Therefore, for
small size ratios, the behavior must deviate from the lin
dependence which is already visible for the value forF50.5
which was obtained by interpolating between two fillin
fractions. Obtaining data points for even lower values ofF is
nearly infeasible by todays computers, due to the large
mand on computer time caused by the large particle n
bers. For values ofF<FTª2/A3 ~the wide dashed line in

FIG. 6. Characteristic number of revolutions for segregation for a conc
tration of 50% of small particles.
Downloaded 18 May 2009 to 132.180.92.65. Redistribution subject to AIP
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Fig. 7!, we expect a completely different behavior since t
small particles are then sufficiently small to propaga
through the voids of a three-dimensional hexagonal pack
Please note that since we have a random packing, see F
the threshold value should even be higher andFT just serves
as a lower bound.

D. Half-filled pre-set cylinder

In order to illustrate the interplay between mixing an
segregation in more depth, we start with an initial config
ration where the left half of the cylinder is purely compos
out of large beads (R51.5 mm! and the right half out of
small beads (r 51.0 mm! giving a total number of 4420 par
ticles ~see Fig. 8, top left picture!. After turning the drum
counter-clockwise for 1.6 seconds atV515 rpm, which
would simply interchange the regions occupied by large a
small particles if no mixing were present, the interface is s
well defined and nearly a straight line~top right picture!.
After turning for 2.8 seconds, the interface between the la
and small beads is still quite sharp, albeit it is not a strai
line anymore. After the start of the rotation, it takes 0.23
for the continuous flow to set in and from Sec. III B we rec
that it takes roughly 2.65 s for a particle to undergo a f
revolution. The tongue of small particles into the large on
at the center of the cylinder is the starting point of forming
core of small particles. After rotating for 5.3 s, which corr
sponds to the particle having undergone two full revolutio
the formation of a core of small~white! particles is even
more pronounced. After having undergone three revolutio
t57.8 s, the shape of the interface between large and s
particles close to the cylinder wall becomes even more
fusive. The segregation mechanism in the pre-set cylin
starts immediately, i.e.,no mixing of the two components is
necessary in order to obtain a radially segregated core
small particles. The final picture in Fig. 8~bottom right!
corresponds to 28 particle revolutions and shows a ne
symmetric, well segregated cluster of small particles. A

n-FIG. 7. The final amount of segregation as function of the particle size r
F5 r /R ~the vertical dashed line denotesFT).
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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note that hardly any large particles are found in the seg
gated core of small particles whereas smaller particles
still found close to the wall of the drum. We expect the lat
effect to disappear when the drum is rotated for long eno
times.

In order to determine the degree of mixing in the ho
zontal cylinder along the initially sharp vertical front we u
a procedure proposed by Metcalfeet al.4 We calculate the
center of mass for each particle size, project it onto the f
surface which is initially horizontal and calculate the d
tance of each of the two centers of mass. The time evolu
of this distance,jc , which was made dimensionless by d
viding by the distance of the start configuration, is shown
Fig. 9. It corresponds to the configuration shown in Fig.
i.e., a half-filled cylinder containing an equal volume fracti
of 1 mm and 1.5 mm particles. In Ref. 4, this procedure w
used to show the mixing of mono-disperse particles in
rotating drum at a filling fraction off 539%. Since geo-
metrical mixing is observed for this filling fraction, the ce
troid positions decayed in time and could be well appro
mated by

jc~ t !5cosS 2pt

T De2t/t, ~10!

whereT stands for the period; see Eq.~8!. On the contrary,
no geometrical mixing is observed for mono-disperse p

FIG. 8. Different snapshots of the cylinder with a starting condition, wh
initially all the small ~large! particles are on the right~left! side of the
cylinder ~particle radii 1.0 mm and 1.5 mm!.
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ticles in a half-filled drum which would correspond to a cha
acteristic timet5` in Eq. ~10! and lead to nondecaying
oscillations. For a binary particle mixture, the segregat
process will lead to a decay of the distance of the two c
troids in time forany filling fraction and we have chosen t
present numerical results for counter-clockwise rotation a
f 550% in Fig. 9 to illustrate this.

The numerical data can be well fitted by an expone
tially decaying oscillation according to Eq.~10!. This gives
T52.48 s which is in excellent agreement with Fig. 4, a
values oft520.7 s for clockwise rotation andt520.1 s for
counter-clockwise rotation which are the same within t
error bar. The exponentially decaying part was added to
9 as a dashed line. In the beginning,t,20 s, a slight asym-
metry is visible towards negative values which was also
served in other numerical simulations using a tw
dimensional geometrical model.26 However, we could not
determine by this procedure if the asymmetry persists in
long run and will lead to a final nonzero value for the ce
troid position since the deviations from the exponential
were usually higher than the calculated offset of~0.004
60.001! cm. Since the numerical data seems to indicate t
a pure exponential decay is too slow in the beginning and
fast for longer times we also tried a stretched exponen
decay of the forme2(t/t)b

. This gives values oft5~14.0
61.8! s andb50.8860.05, respectively. However, we ca
not rule out that the deviation of the exponential law may
due to the numerical noise and a more general statis
theory is needed to resolve this question.

The procedure described above to follow the centr
dynamics is not capable to determine the depth of the c
troid position below the free surface due to the projection
the center of masses of each particle component onto the
surface. However, the last picture of Fig. 8 shows that
number of layers of large particles below and above the s
regated cluster of small particles is not the same. This le
to different distances of the center of mass below the f
surface for small and large particles. To determine its

e

FIG. 9. Normalized centroid position projected onto the free surface o
half-filled cylinder with 1.0 mm and 1.5 mm particles.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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namic, we plot in Fig. 10 the Euclidean distance of the t
centroids. When properly shifted byT/2, the curves for
clockwise and counter-clockwise rotations show a sim
behavior where fluctuations are a little less pronounced
the latter case. The minima correspond to configurati
similar to the one shown in the bottom right picture of Fig
when the two centers of mass lie on a line which go
through the origin of the drum. Even though the minim
distance during the time evolution is close to zero, a nonz
value of 0.22 cm is estimated for the stationary state with
oscillations.

IV. CONCLUSIONS

The main conclusions of this paper are as follows: Wh
a rotating drum is operated in the continuous flow regim
our numerical results indicate that size segregation will t
place for arbitrarily small differences in particle size. T
quantify this result we introduced an appropriate order
rameter, which allowed us to compare directly all differe
drum scenarios. From this we showed that the radial se
gation process is faster and more pronounced for parti
with a large size difference and that the final amount of s
regation shows a linear dependence when approaching a
ticle size ratio of one; thus no threshold value for rad
segregation exists, which was an unresolved question f
long time.

We also studied in detail the interplay between mixi
and segregation in rotating cylinders for different volum
filling fractions of the cylinder and found that the highe
achievable segregation can be obtained for a slightly m
than half-filled cylinder and therefore also least mixin
When compared to a system containing mono-disperse
ticles in the discrete avalanche regime, the observed dif
ences could be attributed to the width of the fluidized la
leading to a partial destruction of the underlying, alrea
segregated core, where the destruction increases with l
width.

FIG. 10. The distance of the centers of a half-filled cylinder with 1.0 m
and 1.5 mm particles~ - - - clockwise; —, counter-clockwise rotation!.
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When starting with an initial configuration that contain
well-separated regions of small and large particles, for
setup no mixing of the components is necessary in orde
obtain a radially segregated core. This inter-penetration p
cess resembles a diffusion process and segregation start
mediately without undergoing a previous mixing of the tw
particle components. However, this might be different
other geometries.
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APPENDIX: ROLLING FRICTION

One of the most distinct properties of a glass bead is
ability to roll, therefore rolling had to be included into ou
model. The drawback was, that a glass bead would have
a Coulomb friction of zero with our frictional laws; i.e.,
glass sphere would start to roll even on an infinitesimal
clined plane or a particle would roll on forever on every fl
plane, which in reality clearly does not occur. For an ide
elastic particle, the deformation of the particle would
symmetric to the point of contact and therefore the result
counter force of the plane would be exactly opposite to
gravitational forceFN for all times. In reality the deforma-
tion is not elastic, i.e., the deformation lags behind as
indicated in Fig. 11 for a particle on an ideal hard plane. T
counter force of the planeF acting on the particle gets me
diated by the deformation of the particle. The point whe
this force acts on is shifted slightly byr 0 to the back, the
normal component ofF compensates the gravitational forc
FN exactly ~otherwise the particle would bounce!; leaving
the tangential component ofF which acts as rolling resis
tance which must be compensated by a dragging force f
particle with constant velocity on a flat plane. Also, simu
tion shows that the angle of repose is much too small
comparison with experiment without rolling resistance.
overcome this weakness we add rolling resistance27 to our
model, see Fig. 11, by using

Fr5
r 0

R
FN . ~A1!

Here the rolling resistancer 0 is a constant material param
eter and results from the slight viscoelasticity of the mate
als. r 0 is of the order of 102321025 mm for most of the
materials. For particle–particle interactions, we take
same law for rolling resistance as for particle–wall intera
tions.

The rolling resistance acts as a net torque construc
out of a force coupleFr with

Fr5uFNu
r 0

R
~ n̂3 ŝ!. ~A2!
 license or copyright; see http://pof.aip.org/pof/copyright.jsp



n
w

u-

ng

b

w
t

e
he

ds
s for

a-
s.

inu-

va-

he

lar

s.

rial

an

ow
s.

d
Rev.

al

ing

g-

of

and
a-

on-

ry

of

se
ds

ng,
nce

-

,’’

re-

ge

ny,

-

ofdi-

1394 Phys. Fluids, Vol. 11, No. 6, June 1999 C. M. Dury and G. H. Ristow
We also have to consider that the rolling resistance can o
decrease angular momentum, but never revert it. And so
have to limitFr by the quantity that would reduce the ang
lar momentum to zero within the next time step, namely,

Fr max
5

2

5
mR•„~ n̂3 ŝ!•v…/~Dt !. ~A3!

For the torque we therefore get

Tr5R•min~Fr ,Fr max
!. ~A4!

As can already be seen from the definition of the rolli
resistance, Eq.~A1!, the rolling friction on small particles
will be higher than on large particles which was also o
served by studying one particle on a bumpy line28 and in
experiments with glass marbles. To illustrate this fact,
show in Fig. 12 the dependency of the angle of repose on
rolling friction parameterr 0 . The higher friction of smaller
particles results in a steeper slope of the angle of repos
Fig. 12. An important result of this is that we can adjust t

FIG. 11. Viscoelastic rolling sphere on a hard surface.

FIG. 12. Angle of repose for different friction coefficients and particle
ameter of 1.0 mm and 1.5 mm for three different values ofm (m50.1, 0.2,
and 0.3 from bottom to top!.
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rolling friction in such a way that small and large glass bea
have the same angle of repose as is seen in experiment
glass beads.17,18 Also, one clearly sees that for smallr 0 the
slope of the angle of reposedQ/dr 0 is proportional tor 0 ,
which results from the law of rolling resistance Eq.~A1!.
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