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h Physik, Philipps{Universit�atRenthof 6, D{35032 Marburg, Germany(re
eived 24 February 1999; revised 13 July 1999; a

epted in �nal form . . . )PACS. 64.75+g { Solubility, segregation, and mixing; phase separation.PACS. 81.05Rm{ Porous materials; granular materials.PACS. 46.10+z { Me
hani
s of dis
rete systems.Abstra
t. { We investigate the interplay of radial size and density segregation in a three-dimensional 
ylinder numeri
ally. By �xing the size ratio of a binary parti
le mixture andvarying the density of the smaller parti
le, we �nd a very surprising segregation dynami
s inthe 
ase of a 
ounter-balan
e of size segregation by density segregation. It 
an be best des
ribedby a \segregation wave" propagating through the system whi
h has dissolved 
ompletely by thetime it has rea
hed the 
ylinder boundary.Introdu
tion. { The 
ommon devi
e for mixing granular materials in industrial pro
essingis probably a long rotating 
ylinder. However, when the parti
les di�er in material properties,e.g. size or density, segregation 
an also o

ur where the �nal spatial distribution dependsnot only on the parti
le properties but also on the rotation speed of the 
ylinder [1℄. In the
ontinuous 
ow regime, the smaller or denser parti
les exhibit a fast radial segregation, forminga 
entral region 
lose to the rotation axis. For a long 
ylinder, this region leads to a 
ore ofsmaller or denser parti
les throughout the 
ylinder [2℄ whi
h might be
ome unstable leadingto band formation along the rotation axis [3℄.Mu
h attention has re
ently been fo
used on the radial segregation pro
ess of binarymixtures of di�erent parti
le sizes in quasi two-dimensional rotating drums [4, 5, 6, 7℄ andthree-dimensional 
ylinders [2, 8℄. Individual parti
le traje
tories were analysed and segrega-tion parameters were de�ned in order to quantify the radial segregation pro
ess.In this letter, we will dire
t our attention to the radial segregation pro
ess of binarymixtures of parti
les that di�er in density and size whi
h we will do numeri
ally by means of athree-dimensional 
ylinder. Re
ent results regarding density segregation show that the initialsegregation velo
ity s
ales as the logarithm of the density ratio [9℄, that size segregation 
anbe partially 
ounter-balan
ed by varying the parti
le densities at the same time [10℄ and thata 
ontinuum des
ription is possible for 
ertain 
ases [11℄. By starting with two initial bands,we quantify the mixing of the bands and the resulting radial segregation by a normalized orderparameter. Even though the �nal state might be well-mixed if the smaller parti
les are also thelighter ones, the initial inter-penetration of the two bands takes pla
e by forming a spatiallylo
alized, segregated region, whi
h we termed segregation wave.(�) present address: Universit�at des Saarlandes, Institut f�ur Theoretis
he Physik, D-66041Saarbr�u
ken, Germany Typeset using EURO-TEX
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al Model. { A very su

essful and 
exible numeri
al te
hnique for modellinggranular materials is the Dis
rete Element Method (DEM); for a re
ent review see e.g. [12℄.This method uses an expli
it, 
onstant time step to integrate Newton's se
ond law of motionfor ea
h parti
le and has the ability to model in a simple way the 
hange of geometri
al 
onta
tsduring 
ollisions.Ea
h parti
le i is approximated by a sphere with radius Ri. Only 
onta
t for
es during
ollisions are 
onsidered and the parti
les have the ability to rotate.The for
e a
ting in the normal dire
tion (n̂ = ~ri�~rjj~ri�~rj j) during a 
ollision is given in oursimulations as Fnij = �Kn Æ � 
n(~vi � ~vj) � n̂ ;where Æ = Ri + Rj � (~ri � ~rj) � n̂ whi
h gives the virtual overlap of the two parti
les and~vi stands for the velo
ity of parti
le i. The model parameter Kn 
ontrols the sti�ness ofthe material and is related to the Young modulus of the material, whereas 
n stands for thedynami
 damping 
oeÆ
ient whi
h is related to the 
ommonly used 
oeÆ
ient of restitution.The normal for
e resulting from parti
le-wall 
ollisions is 
al
ulated in a similar fashion bytreating the wall as a parti
le with in�nite radius and mass.Even though a more 
omplex 
onta
t behaviour, e.g. �a la Hertz and Midlin, 
an be imple-mented in a straight-forward fashion, a linear relation is often found for small deformationsand has the advantage of a 
onstant 
ollision time.For the 
onta
t for
es in the tangential dire
tion, ŝ, we use vis
ous damping for parti
le-parti
le intera
tions: F pps = �sign(ŝ)min(
sj~vij � ŝj; �jFnj)and stati
 fri
tion for parti
le-wall intera
tions:F pws = �sign(ŝ)min(ksj Z ~vij � ŝdtj; �jFnj) :The latter leads to a stati
 angle of repose. Values of 
s and ks are 
hosen su
h that thedynami
 angle of repose agrees with experiment over a wide range of rotation speeds [13℄. Inthe above equations, � denotes the (stati
) Coulomb fri
tion 
oeÆ
ient.Initial Setup. { The material properties of the larger parti
les are 
hosen to 
orrespond tothe values of mustard seeds whi
h generally show good segregation dynami
s. Their diameteris 3 mm and their density �l = 1:3 g/
m3. The smaller parti
les have a diameter of 2 mm anda variable density denoted by �. The 
oeÆ
ient of restitution for parti
le-parti
le 
ollisions isset to 0.58 and to 0.76 for parti
le-wall 
ollisions. In order to save 
omputer time, we set Knto 8 � 103 Pa m whi
h is about one order of magnitude softer than desired, but we 
he
ked insimilar simulations that this has no e�e
t on the investigated properties of the material, e.g.the angle of repose [13℄. This gives a 
onta
t time during 
ollisions of 8:5 � 10�5 s. We used atotal number of 13 300 parti
les in our simulations.In order to have a well-de�ned initial 
on�guration for binary parti
le mixtures, we �ll theleft half of the 7 
m wide and long 
ylinder with the smaller parti
les and the right half withthe larger parti
les whi
h is sket
hed in Fig. 1. The 
ylinder is half-�lled along the rotationaxis whi
h points in the z-dire
tion.Segregation Order Parameter. { If a binary mixture of parti
les that di�er in size ordensity is put in a rotating drum, a strong radial segregation is observed after only a few drumrotations [7℄. The region o

upied by the smaller or denser parti
les is 
lose to the rotation
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zFig. 1. { Sket
h of the initial two band 
on�guration: large (small) parti
les are all in the right (left)half of the 
ylinder and shown in gray (white).axis and has the shape of a more or less 
omplete 
ir
le whi
h depends on the �lling height ofthe 
ylinder. In our 
ase of a half �lling, this region 
an be well-approximated by a half-
ir
leand the amount of radial segregation 
an be quanti�ed by 
ounting the per
entage by volumeof smaller parti
les in 
on
entri
 rings [7, 8℄. A segregation parameter q(t; z), whi
h usuallyshows a saturating behaviour in time to a value q1, 
an be derived by 
ounting the deviationin the per
entage by volume of smaller parti
les in ea
h ring from a perfe
tly mixed state. Thesegregation parameter is normalized to one for a perfe
tly segregated system and we termedthe value q1 the �nal amount of segregation whi
h is averaged over the whole length of thedrum. It is shown in Fig. 2 for our system as fun
tion of the density ratio of the smaller andlarger parti
le 
omponents. Two regions 
an be distinguished 
learly: (A) a very high radialsegregation parameter for values of �=�l � 1 to the right and (B) a very low radial segregationparameter for values of �=�l < 0:8 to the left. In region (A), the �nal amount of segregationin
reases with density ratio until �=�l � 2 and then it seems to de
rease whi
h is due to the fa
tthat the 
ore of heavier parti
les starts to sink into the lighter ones whi
h is not well-
apturedby our segregation parameter. For more details we refer the reader to Ref. [14℄. The latterregion (B) 
orresponds to the regime where the size segregation 
an be 
ounter-balan
ed bydensity segregation, as demonstrated experimentally in Ref. [10℄. However, the segregationdynami
s are quite di�erent in the two regions whi
h we will illustrate by dis
ussing the timeevolution of q(t; z) in the next two se
tions.Front propagation with radial segregation (region A). { In this 
ase, we get a very fastradial segregation whi
h initiates at the initial interfa
e at z = 0. In Fig. 3(a), we show thetime evolution of the segregation parameter q as fun
tion of position along the rotation axis fora density ratio of �=�l = 2. For t = 0, we get q(0; z) = 0 throughout the system sin
e in ea
hof the sli
es where we 
omputed q, either only large or only small parti
les are present andq � 0 by de�nition, i.e. there is no radial segregation sin
e only one parti
le type is present.For later times, we get a very fast radial segregation when the two parti
le 
omponents startto mix in the axial dire
tion. This 
an be seen in Fig. 3(a) sin
e the slope of q(t; z) starts verysteeply in t-dire
tion everywhere along the rotation axis and saturates to a value of q1 � 0:6throughout the system. Sin
e the mixing starts from z = 0, it takes longer for parti
les torea
h regions further away from the initial interfa
e whi
h explains why the in
rease in q startsthe later the further away a region is from the initial interfa
e.After approximately 30 s, we �nd a radial 
ore of smaller parti
les everywhere in the 
ylinderdespite the fa
t that the 
on
entration pro�le has not yet rea
hed its steady state [14℄. This wasveri�ed by visualising the 
entral 
ore on the 
omputer s
reen. However, the parti
le dynami
sare probably easier to illustrate for the situation when no radial segregation is observed in thesteady state.
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Fig. 2. { Spatially averaged �nal amount of segregation as fun
tion of density ratio, a

ording toRef. [14℄. The dotted verti
al line separates regions A and B, see text.
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Fig. 3. { Time evolution of the radial segregation for (a) �=�l = 2 and (b) �=�l = 0:5.Front propagation without radial segregation (region B). { For parti
les that only di�erin size, radial segregation is observed for an arbitrarily small size di�eren
e [8℄. This 
an be
ounter-balan
ed by making the smaller parti
les lighter [10℄. In our 
ase of a size ratio of 2:3,we found that the density ratio for the least radial segregation is 1:2. This gives a �nal valueof q1 
lose to zero, see Fig. 2.In Fig. 3(b), we show the time evolution of the segregation parameter q for a densityratio of �=�l = 0:5. The pi
ture is strikingly di�erent from Fig. 3(a) and shows a 
learwave in the segregation parameter moving to the left. We termed this new and surprisingphenomena \segregation wave". This wave starts from the position of the initial front, z = 0,and propagates into the region initially o

upied by small parti
les. During this pro
ess, the
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rease. The wave rea
hes the
ylinder end 
ap at a time around t � 40 s after whi
h it dissolves 
ompletely leading to a �nalvalue of q1 � 0 everywhere. The origin of the wave 
an be understood in the following way:Sin
e the larger parti
les are the denser ones, they push into the region of the smaller parti
les(to the left) below the free parti
le surfa
e. This 
an be explained by di�erent pressure valueswith in
reasing depth, resulting from the di�erent parti
le densities [14℄.On the other hand, no pronoun
ed wave is visible in the right half of the 
ylinder, indi
atingthat the system is always well-mixed in the region originally o

upied by large parti
les. Inthis 
ase the small parti
les 
ow in the 
uidised surfa
e layer and get dire
tly mixed into thelarge ones.In order to better visualize the spatial dynami
s of this \segregation wave", we show inFig. 4 three 
ross-se
tions along the rotation axis in the region originally o

upied by smallparti
les for three di�erent times. Shortly after the 
ylinder starts to rotate, top row fort = 1:3 s, a 
ore of large parti
les near the initial interfa
e is 
learly visible, Fig. 4(
). The
ore is smaller further from the interfa
e, Fig. 4(b), and not present at all yet far away fromthe interfa
e, Fig. 4(a). Also note that no large parti
les are seen 
lose to the free surfa
e,strongly indi
ating that the propagation me
hanism is not due to surfa
e 
ow but rather apure 
ore 
ow. Two 
ylinder revolutions later, middle row for t = 10:3 s, the 
ore extends farinto the left half of the 
ylinder, Fig. 4(d), and starts to dissolve where it was at the previoustime snap shot, Figs. 4(e) & 4(f). Five revolutions later, bottom row for t = 30:5 s, the whole
ore has dissolved and we obtain a well-mixed state throughout the system, see Figs. 4(g),4(h) and 4(i)).Con
lusions. { Using dis
rete parti
le simulations, we investigated the radial segregationdynami
s of a binary parti
le mixture in a three-dimensional 
ylinder. The size ratio was �xedto 2:3 and we varied the density of the smaller parti
les in order to see the interplay of sizeand density radial segregation. The system was prepared to have a sharp interfa
e of smalland large parti
les initially. If the smaller parti
les also have the higher density, the radialsegregation pro
ess is enhan
ed. On the other hand, if the smaller parti
les have the lowerdensity, the radial segregation 
an be 
ounter-balan
ed leading to a well-mixed �nal state.Nevertheless, the parti
le dynami
s to rea
h this state are very 
omplex and surprising inthe region that was originally o

upied by small parti
les. The large parti
les form a tongueof segregated parti
les in this region until they rea
h the boundary; then they start to mix.No surfa
e 
ow of large parti
les is seen in this region whi
h shows the possibility for otherme
hanisms than free surfa
e 
ow to exists that 
an 
ause front advan
ement and segregation.***We would like to thank the HLRZ in J�uli
h and the HRZ Marburg for supporting us witha generous grant of 
omputer time on their Cray T3E and IBM SP2, respe
tively. Finan
ialsupport by the Deuts
he Fors
hungsgemeins
haft is also greatfully a
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