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We study theoretically the slow director precession and nonlinear waves observed in homeotropically ori-
ented nematic liquid crystals subjected to circular or elliptical Couette and Poiseuille flow and an electric field.
From a linear analysis of the nematodynamic equations it is found that in the presence of the flow the electric
bend Fréedericksz transition is transformed into a Hopf-type bifurcation. In the framework of an approximate
weakly nonlinear analysis we have calculated the coefficients of the modified complex Ginzburg-Landau
equation, which slightly above onset describes nonlinear waves with strong nonlinear dispersion. We also
derive the equation describing the precession and waves well above the Fréedericksz transition and for small
flow amplitudes. Then the nonlinear waves are of diffusive nature. The results are compared with full numeri-
cal simulations and with experimental data.
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I. INTRODUCTION

A nematic liquid crystal is characterized by long-range
orientational order of the molecules along an axis n, the di-
rector, which may vary slowly in space and time. A particu-
larly interesting configuration is obtained when n is aligned
homeotropically—i.e., perpendicularly—at the bounding
plates of a nematic layer and distorted inside by an external
field, not destroying the rotational invariance around the
symmetry axis of the system. There are two established
methods to achieve this goal. First, by using a material with
negative dielectric anisotropy and applying a sufficiently
strong electric field across the layer, a bend Fréedericksz
transition �FT� will occur, which generates such a configura-
tion �1�. Second, one may use a strong, circularly polarized
laser beam at normal incidence to produce an optical FT �2�.

Clearly in such a situation the director configuration re-
sulting from the FT spontaneously breaks rotational invari-
ance. In fact, rotating the whole configuration around the
axis perpendicular to the plane of the nematic layer by some
angle corresponds to a symmetry operation of the system.
Thus there exists a neutral �Goldstone� mode. As a conse-
quence, breaking helicity—i.e., reflection symmetry in the
plane of the layer—will in general lead to a precession of the
director. In the optical case helicity is in fact broken from the
beginning on and the director precession is a well-known
effect leading to more complex dynamic phenomena at larger
intensities �3,4�. In the applied electric field case one needs
additional effects like imposing a circular shear flow on the
nematic layer.

During the last two decades shear flow experiments have
indeed been carried out and the slow precession generated by
circular and elliptical shear in the Fréedericksz-distorted
state has been observed recently �5�. Well above the FT the
precession was accompanied by nonlinear diffusive waves.
Slightly above the FT spatiotemporally chaotic dynamics

was observed, and at somewhat higher fields nonlinear dis-
persive waves forming rotating spirals appeared. Neglecting
elasticities and neglecting the influence of the director distor-
tion on the flow field an exact solution of the director dy-
namic equations was found that captures the precession and
predicts a reversal for non-flow-aligning materials �5,6�. This
analysis is expected to be valid for high frequencies and not
too near to the FT. Thus, it was not possible to describe the
dependence of the precession frequency on the applied elec-
tric field, especially close to the FT, and, of course, not the
wave phenomena, which are generated by the elastic cou-
pling.

In this work we extend the theory of the precession phe-
nomena to include �i� the elastic coupling of the director, �ii�
the feedback on the velocity field �back flow�, and �iii� slow
modulations in the plane of the layer in order to capture the
wave phenomena. It turns out that the inclusion of back flow
is decisive to understand the behavior near the FT. In Sec. II
we present the general formulation of the problem and ex-
plain the numerical procedure used for direct simulations. In
Sec. III we give a linear and weakly nonlinear analysis of the
FT in the presence of circular shear flow. It demonstrates that
the FT is transformed by the presence of the flow into a Hopf
bifurcation and shows that nonlinear dispersion is strong, so
spatiotemporally chaotic dynamics and dispersive waves are
to be expected. In Sec. IV a phase-wave analysis valid well
above the FT is presented for the general elliptic case. It
demonstrates that in this range one will have diffusive phase
waves in the system. Finally, in Sec. V the results are dis-
cussed and put into perspective.

Director precession and phase waves have been observed
previously in cells that were excited piezoelectrically at fre-
quencies around 50 kHz �7,8�. The piezocrystal formed one
of the bounding plates. Phenomena reminiscent of the phase
waves were also seen in planar and homeotropic cells with-
out electric field at frequencies 10 kHz� f �1 MHz �9�.
There the waves originated from orientational defects at the
surface. Although in these cases the precise form of the ex-
citation was not clear, it appears likely that the mechanisms*Deceased.
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discussed here form the basis of the phenomena.

II. THEORETICAL BACKGROUND

We consider a nematic layer of thickness d confined be-
tween two infinite parallel plates. Oscillatory elliptical Cou-
ette flow can be imposed by one plate oscillating periodically
in the form

x�t� = Ax sin��t�, y�t� = Ay sin��t + �� �1�

or by applying the two rectilinear components to the two
plates. Oscillatory Poiseuille flow is generated by an alter-
nating pressure gradient applied in the plane of the layer �0
�x�Lx, 0�y�Ly�:

�p

�x
=

�Px

Lx
cos��t�,

�p

�y
=

�Py

Ly
cos��t + �� , �2�

with the pressure drops �Px, �Py over the lengths Lx, Ly,
respectively. The phase shift � between the velocity oscilla-
tions in the x and y directions could in particular be ±� /2
which correspond to clockwise-counterclockwise velocity
rotation. The director n at the boundaries is oriented homeo-
tropically �along the z axis�, and the electric field E is ap-
plied along the z direction. The case of a nematic with nega-
tive dielectric anisotropy is considered.

Note that in the absence of an electric field for Couette
flow �1� above some critical shear amplitudes one has a di-
rect transition to convective patterns with the orientation of
the roll axis depending on the ellipticity of the shear �ratio
Ax /Ay� �10�. A detailed theoretical analysis of this kind of
instability shows that the driving mechanism results from the
steady forces generated by the nonlinear terms in the viscous
stress tensor and the critical shear amplitude is �11,12�

AxAy

d2 �
2K�2

�d2�
, �3�

where K is an elastic constant and � an effective viscosity of
the nematic. In the following we will focus on flow ampli-
tudes much smaller than the ones given in Eq. �3�.

The standard set of nematodynamic equations �13� con-
sists of the director equation

�1��t + v · ��n = �1� 	 n + 
=��− �2A=n + hr� , �4�

where �1, �2 are rotational viscosities:

�1 = �3 − �2, �2 = �6 − �5 = �3 + �2. �5�

Here �k denote the Leslie viscosity coefficients and we have
used the Parodi relation. In Eq. �4� �= ��	v� /2 is the local
fluid rotation, 
ij

�=
ij −ninj is the projection tensor which
imposes the normalization of n �n2=1�, Aij = �vi,j +v j,i� /2 is
the hydrodynamic strain, and hr is the force on the director
derived from the orientational free energy density:

hi
r =

�

�xj

�F

�ni,j
−

�F

�ni
�6�

�,j denotes the partial derivative with respect to the spatial
coordinate xj�, where F is

F =
1

2
�K11�� · n�2 + K22�n · �� 	 n��2 + K33�n 	 �� 	 n��2

− �0�a�E · n�2� , �7�

with the elastic constants K11, K22, and K33 for “splay,”
“twist,” and “bend” deformations, respectively.

The Navier-Stokes equation �momentum balance� has the
form


d

dt
vi = − p,i + Tji,j , �8�

where  is the mass density, p is the pressure, and the stress
tensor Tij has elastic and viscous parts

Tij = sij + tij ,

sij = −
�F

�nk,i
nk,j ,

tij = �1nknmAkmninj + �2niNj + �3njNi + �4Aij + �5ninkAkj

+ �6njnkAki, �9�

where N= ��t+v ·��n−�	n. In addition we have the in-
compressibility condition � ·v=0.

We first focus on the homogeneous �in the plane of the
layer� precession of the director. Thus we assume

n = �nx�z,t�,ny�z,t�,nz�z,t�� ,

v = �vx�z,t�,vy�z,t�,0� . �10�

Clearly the incompressibility condition is satisfied automati-
cally.

It is useful to introduce the dimensionless variables

z̃ = z/d, t̃ = �t, ṽ = v/�d��, e2 = E2/EF
2 ,

EF =
�

d
� K33

�0	�a	
, ki = Kii/K33, �̃i = �i/�1,

� =
1

�d�
, �d =

�1d2

K33
, 
 =

d2

l2 , l =� �1

�
. �11�

Moreover, we reformulate the nematodynamic equations in
terms of the complex fields

N = nx + iny, V = vx + ivy . �12�

This leads to �we omit tildes on the variables, but keep it for
clarity on the viscosities�

N,t − �
�2e2�1 − 	N	2�N − k1nznz,zzN + k3�N,zz −
1

2
N�NN̄,zz

+ N̄N,zz�� − �k3 − k2��1

2
N�B2 + iB,z� + iN,zB�

+ �̃2nzV,z −
1

2
��̃2 + �̃3�nzN�NV̄,z + N̄V,z� = 0, �13�

with nz=�1− 	N	2, B= i�NN̄,z− N̄N,z�, and
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V,t + p0,� − �z
�̃2nzN,t + �̃3nz,tN +
1

2
��̃4 + �− �̃2 + �̃5�

	�1 − 	N	2��V,z +
1

2
�1

2
��̃3 + �̃6� + �̃1�1 − 	N	2��

	 N�NV̄,z + N̄V,z� = 0, �14�

where �=x− iy, ��=�x+ i�y, and N̄, V̄ stand for the complex
conjugate. The boundary conditions in case of strong homeo-
tropic anchoring, which we will consider throughout this
work, are

N�z = ± 1/2� = 0. �15�

For the complex velocity V one has, for Couette flow,

p0 = 0,

V�z = + 1/2� = a�cos�t� + ib cos�t − �/2�� ,

V�z = − 1/2� = 0, �16�

with a=Ax /d and ab=Ay /d where 0�b�1 characterizes the
ellipticity of the flow. In the case of Poiseuille flow,

p0,� = a�cos�t� + ib cos�t − �/2�� ,

V�z = ± 1/2� = 0, �17�

and a= ��Px /Lx��d / ��1��� and ab= ��Py /Ly��d / ��1���. For
definiteness we choose the phase shift equal to −� /2 be-
tween the velocity oscillations in x and y directions which
correspond to a counterclockwise rotation.

Direct numerical simulations of Eqs. �13� and �14� for
Couette and Poiseuille flow were performed for material pa-
rameters corresponding to the substances Phase 5A �Merck�
and MBBA �see the Appendix for the material parameters�.
We used central finite differences for the spatial derivatives
and the predictor-corrector scheme for the time discretiza-
tion. For both types of flow and an electric field E below the
bend Fréedericksz transition EF the director rotates with the
flow frequency �. It corotates with the elliptic shear on a
cone with the cone axis along z. Thus the projection of the
director onto the x-y plane averaged over one flow period is
zero. In contrast, for an electric field E above some critical
value Ec in addition to the rotation the director performs a
slow precession. The projection of the director averaged over
the flow period is nonzero and slowly rotates. The simula-
tions show that the transition to slow precession is through a
Hopf-type bifurcation and the critical electric field Ec actu-
ally slightly above the zero-flow value EF. At Ec the preces-
sion amplitude increases continously without hysteresis.

For both types of flow the precession frequency � is very
small. For flow amplitudes that are about the same in the x
and y directions and for given E and � we find ��axay,
where ax=Ax /d, ay =Ay /d for Couette flow and ax
= ��Px /Lx��d / ��1��� and ay = ��Py /Ly��d / ��1��� for Poi-
seuille flow are the dimensionless flow displacement ampli-
tudes. The precession frequency also depends on the electric
field E and on the flow frequency � �see Figs. 1 and 2�.

FIG. 1. �Color online� Precession frequency F=� /2� as a func-
tion of electric field E /EF for circular Couette flow. Material pa-
rameters of Phase 5A at 30 °C, layer thickness d=20 �m, flow
amplitude a=0.17, and flow frequency f =155 Hz. Simulations of
Eqs. �13� and �14� �solid line�, simulations of Eq. �13� with pre-
scribed velocity field �dotted line�, and “universal” precession fre-
quency �2�3 / �2�1

2�a2f �dot-dashed line�. Experimental data from
�5� �circles�.

FIG. 2. �Color online� Precession frequency F=� /2� as a func-
tion of the electric field E /EF for different frequencies of circular
Couette flow. Material parameters of Phase 5A at 30 °C, layer
thickness d=20 �m, and flow amplitude a=0.2. �a� F in units of the
flow frequency f and �b� physical units.
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In �5,6� an exact solution of Eqs. �13� with �=0 for the
“prescribed” circular Couette flow V,z=aeit was presented
which leads to the “universal” precession frequency

�0 = 1 − �1 − �a2/�1 − ��2 = �/�2�1 − ��2�a2 + O�a4� ,

�18�

where �=�3 /�2. For flow-aligning materials ���0� the pre-
cession frequency �0 is positive �same sense of rotation as
the elliptic shear� and negative otherwise. This result is co-
incided with the full numerical simulations of Eqs. �13� and
�14� at an electric field well above the Hopf bifurcation: a
change of the sign of the viscosity coefficient �3 leads to the
reversal of the precession �see Fig. 3�.

III. VICINITY OF THE FRÉEDERICKSZ TRANSITION

Let us start with a linear and weakly nonlinear analysis of
the FT, which for small-amplitude circular Couette flow is
transformed into a Hopf-type bifurcation. In order to obtain
analytic result we shall use a test-function approximation.
For small flow amplitudes and electric fields slightly above
the bend Fréedericksz transition one has 	N	�1. From the
normalization of the director one can then write nz�1
− 	N	2 /2 and keep terms up to N3 in Eqs. �13� and �14�.
Another simplification can be made by neglecting the term

V,t in Eq. �14� �Stokes approximation� which is expected to
be valid for not too high frequencies such that 
�1. For
typical material parameters �see the Appendix� �1
�10−1 N s/m2, �103 Kg/m3, and nematic layer thickness
d=20 �m this corresponds to ��250 kHz. Also, it is con-
venient to go into a coordinate system rotating with the ex-
ternal frequency

N = M�z,t�eit, V = U�z,t�eit. �19�

Then Eqs. �13� and �14� reduce to

M ,t + iM − �
�2e2�1 − 	M	2�M + k1
1

2
�	M	2�,zzM

+ k3�M ,zz −
1

2
M�MM̄ ,zz + M̄M ,zz�� + �k3 − k2�

	�1

2
MD,z + M ,zD� + �̃2�1 −

1

2
	M	2�U,z −

1

2
��̃2 + �̃3�

	M�MŪ,z + M̄U,z� = 0, �20�

�z
�̃2�1 −
1

2
	M	2��M ,t + iM� − �̃3

1

2
�	M	2�,tM

+ ��̃ − �̃1	M	2�U,z −
1

2
�̃2M�MŪ,z + M̄U,z� = 0,

�21�

with D=MM̄ ,z−M̄M ,z and �̃= ��̃4− �̃2+ �̃5� /2, �̃1= �−�̃2

+ �̃5� /2, and �̃2= �−�̃3− �̃6� /2− �̃1. The boundary conditions
are

M�z = ± 1/2� = 0,

U�z = − 1/2� = 0, U�z = + 1/2� = a . �22�

Below the instability the basic state M =M0�z�, U=U0�z�
corresponds to a stationary solution of Eqs. �20� and �21�.
For flow frequency ��1/�d—i.e., ��1 �for nematic layer
thickness d=20 �m and typical values �1�10−1 N s/m2,
K33�10−11 N this corresponds to ��0.25 Hz�—neglecting
terms proportional to � one obtains, for the basic state,

M0 = X0 + iY0 = 0 + i�̃2a + O�a3� ,

U0 = F0 + iH0 = a�z + 1/2� + i0 + O�a3� . �23�

Solution �23� for M0 discard two boundary layers at z
= ±1/2 which are of thickness ���, where M0 rapidly goes
to its boundary value M0�z= ±1/2�=0.

We now perform the stability analysis of the basic state:
M =M0+M1�z , t�, U=U0+U1�z , t� with 	M1	�1, 	U1	�1 by
using the test-function approximation �lowest-order Galerkin
expansion�

�M1�z,t�
U1�z,t�

� = Ae�t�m1 cos��z�
u1 sin�2�z�

� . �24�

Solving the linear problem one gets for the complex growth
rate

�2 − c1� + c0 = 0,

c1 = L11 + L22, c0 = L11L22 − L12L21, �25�

where, at leading order in a �up to O�a2��,

L11 =
��2

1 − �
�e2
1 −

1 − ��̃1/�̃

1 − �
�̃2

2a2 − k2�̃2
2a2

− k3
1 −
1 − ��̃1/�̃

1 − �
�̃2

2a2� ,

FIG. 3. �Color online� Precession frequency F=� /2� as a func-
tion of the electric field E /EF for different sign of the viscosity
coefficient �3. Material parameters of Phase 5A at 30 °C, layer
thickness d=20 �m, flow amplitude a=0.2, and flow frequency f
=100 Hz. Simulations of Eqs. �13� and �14� �solid and dashed lines�
and “universal” precession frequency �2�3 / �2�1

2�a2f �dot-dashed
lines�.
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L12 = 1 +
1 − ��2�̃1/�̃2

2 − 1�
1 − �

�̃2
2a2,

L21 = − 1 +
1 + � − ���̃2/�̃2

2 − ��
1 − �

�̃2
2a2,

L22 =
��2

1 − �
�e2
1 −

3 − ��1 − 2� + ��̃1 + �̃2�/�̃�
1 − �

�̃2
2a2

− k1�̃2
2a2 − k3
1 −

1 + ��1 + 2� − ��̃1 + �̃2�/�̃�
1 − �

�̃2
2a2� .

�26�

Here �=16�̃2
2 / �9�2�̃� and �= �̃3 / �̃2. Note that setting �=0

the case of unperturbed �prescribed� velocity field is ob-
tained; i.e., only Eq. �20� is considered with given U�z , t�
�U0=a�z+1/2� and Eq. �21� not taken into account.

At threshold Re���=0, Im���=�c one finds, at leading
order in a,

ec
2 = k3 +

1

2
�k1 + k2 + 2k3��̃2

2a2,

�c = 1 −
1

2

�̃2�̃3 + ��2�̃1 − �̃2 − �̃2
2 + �̃2�̃3�

1 − �
a2. �27�

Since �c�0, one has a Hopf bifurcation at e=ec which is
slightly above the critical field for the usual Fréedericksz
transition. The precession frequency in the laboratory coor-
dinate system is �c=1−�c. In the case of prescribed velocity
field ��=0� one gets �c0= �̃2�̃3a2 /2, which is in agreement
with Eq. �18�. In the experiments and in the simulations the
Hopf frequency is higher; see Figs. 1 and 2. This is in good
agreement with the results of our stability analysis of the
complete set of equations �20� and �21�. From the numerical
simulations at f =100 Hz �see Fig. 2� where �=3.6	10−4,
a=0.2, we found ec

2=1.06 and �c=1.6	10−3. Equations
�27� give ec

2=1.064 and �c=1.43	10−3.
Our weakly nonlinear analysis for the regime slightly

above the Hopf bifurcation makes use of the expansion

M1 = �M1
�1� + �2M1

�2� + �3M1
�3� + ¯ ,

U1 = �U1
�1� + �2U1

�2� + �3U1
�3� + ¯ ,

� = �e2 − ec
2, �t → �t + �2�T, �28�

where the slow time T=�2t has been introduced. Substituting
Eqs. �28� into Eqs. �20� and �21� one obtains equations at
each order in �. The solvability condition for the equation at
O��3� gives the equation for the complex amplitude A de-
fined in Eq. �24�,

�tA = ��e2 − ec
2�P1 − P3	A	2�A , �29�

where, at leading order in a,

Re�P1� =
��2

1 − �
�1 −

�̃2
2a2

1 − �
�2 − ��1 − 2� + ��2�̃1

+ �̃2�/�̃��/2�� ,

Im�P1� = 0,

Re�P3� =
��2

1 − �
�2k1 +

a2

2�1 − ��
�̃2
2�−

1

2
k1 +

3

2
k2

+ �3 −
64

9�2�k3 − ��31

2
k1 +

3

2
k2 + 9k3��

− �̃2�̃3��1 −
64

9�2�k1 + 2��5k1 + 2k3��
+ �k1��̃ + �̃2

2��2�̃1 + �̃2�/�̃� ,

Im�P3� =
a2

2�1 − ��2�−
64

9�2 �̃2
2�2 + �� +

�

5
�12�̃1 − 6�̃2 + 4�̃2

2

+ 37�̃2�̃3 + 10�̃3
2�� . �30�

Note that Re�P3� and Im�P3� can be controlled indepen-
dently by choosing the flow frequency and amplitude. From
Eqs. �27�, �29�, and �30� one gets, at leading order in a for
the precession frequency �in the laboratory coordinate sys-
tem� slightly above the Hopf bifurcation,

� = �c − �e2 − ec
2��� ,

�c =
1

2

�̃2�̃3 + ��2�̃1 − �̃2 − �̃2
2 + �̃2�̃3�

1 − �
a2,

�� � Im�P1� −
Re�P1�Im�P3�

Re�P3�

=
a2

4k1�1 − ��2�−
64

9�2 �̃2
2�2 + �� +

�

5
�12�̃1

− 6�̃2 + 4�̃2
2 + 37�̃2�̃3 + 10�̃3

2�� . �31�

We found from the numerical simulations, at f =100 Hz,
��=0.017, and from Eq. �31�, ��=0.02.

We may also include weak modulations of the amplitude
A in the x and y directions by introducing slow space vari-
ables X=�x, Y =�y—i.e., �x→�x+��X in Eqs. �28�. Then
Eq. �29� is extended to a modified complex Ginzburg-
Landau equation

�tA = ��e2 − ec
2�P1 − P3	A	2�A + C��

2 A , �32�

where ��
2 =�X

2 +�Y
2 and

C =
�

1 − �

k1 + k2

2
+ O�a2� . �33�
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Equation �32� represents the well-known complex
Ginzburg-Landau equation, which is the universal normal
form describing a homogeneous Hopf bifurcation in an ex-
tended isotropic medium. It is well known that this equation
admits dispersive waves �for a general discussion of the
equation see �14�� and, in particular, rotating spirals. In fact,
in the present case with real C �no linear dispersion� and
large 	Im�P3� /Re�P3�	 �large nonlinear dispersion� the rel-
evant solutions will be spatiotemporally chaotic, as observed
in the experiments �5,6�. In fact, this parameter range is
singled out by the fact that there exist so-called retracting
fronts, which connect the undistorted state with the distorted
one and move in such a way that the �unstable� undistorted
state expands �15�. For 	Im�P3� /Re�P3�	�4.8 their velocity
is larger than that of the usual “linear” fronts connecting
these states and moving in the opposite direction. Then the
retracting fronts dominate the dynamics which leads to spa-
tiotemporal intermittency �15�. It would be interesting to
study this effect in detail utilizing the fact that Re�P3� and
Im�P3� can be controlled independently.

IV. WELL ABOVE THE FRÉEDERICKSZ TRANSITION

Next we consider the case of an electric field sufficiently
far above EF so that the director is distorted well away from
the homeotropic orientation. We start out without flow. Then
there is no preferred direction of the �mean� inclination in the
plane of the layer. For small flow amplitudes 	a	�1 one can
treat the problem in a perturbative way by introducing a slow
time T=a2t that modulates the periodic behavior on the fast
time scale t. Then N=N�z , t ,T� and V=V�z , t ,T�, �t→�t

+a2�T, and one can formulate a systematic perturbation ex-
pansion of the form

N = N0 + aN1 + a2N2 + ¯ ,

G = aG1 + a2G2 + ¯ , �34�

where we introduced the complex velocity gradient G=V,z.
Clearly there is no zeroth-order contribution to G �see Eqs.
�16� and �17��. Substituting Eqs. �34� into Eqs. �13� and �14�
one obtains, at zeroth order in a,

N0,t − �
�2e2�1 − 	N0	2�N0 − k1nz0nz0,zzN0

+ k3�N0,zz −
1

2
N0�N0N0,zz + N0N0,zz�� − �k3 − k2�

	�1

2
N0�B0

2 + iB0,z� + iN0,zB0� = 0, �35�

where nz0=�1− 	N0	2 and B0= i�N0N0,z−N0N0,z�. Equation
�35� has a t-independent solution of the form

N0 = R0�z�ei�0�T�, �36�

where �0�T� describes the slow rotation of the projection of
the director averaged over the flow period which is undeter-
mined at this order. Then one has B0=0 and, for R0,

�2e2�1 − R0
2�R0 − k1nz0nz0,zzR0 + k3�1 − R0

2�R0,zz = 0,

�37�

which is the equation for the standard bend Fréedericksz
transition giving the threshold ec=1 for the existence of the
nontrivial solution with R0�z= ±1/2�=0.

At first order in a one has a system of linear equations for
N1 and G1,

N1,t − �L̂N�N0	N1� + L̂G�N0	G1� = 0, �38�

− M̂N�N0	N1� + 
G1,t − M̂G�N0	G1� = 0, �39�

where the linear operators

L̂N�N0	N1� = �2e2�1 − 	N0	2�N1 − �2e2N0�N0N1 + N0N1�

− k1nz0nz0,zzN1 − k1N0�nz0nz1,zz + nz1nz0,zz�

+ k3�N1,zz −
1

2
N1�N0N0,zz + N0N0,zz��

− k3
1

2
N0�N0N1,zz + N0N1,zz + N0,zzN1 + N0,zzN1�

− �k3 − k2�i�1

2
N0B1,z + N0,zB1� , �40�

L̂G�N0	G1� = �̃2nz0G1 −
1

2
��̃2 + �̃3�nz0N0�N0G1 + N0G1� ,

�41�

M̂N�N0	N1� = �zz
2 ��̃2nz0N1,t + �̃3N0nz1,t� , �42�

M̂G�N0	G1� = �zz
2 
�1

2
�− �̃2 + �̃4 + �̃5�

−
1

2
�− �̃2 + �̃5�	N0	2�G1

+
1

2
�1

2
��̃3 + �̃6� + �̃1�1 − 	N0	2��N0

	 �N0G1 + N0G1� , �43�

and

nz1 = −
1

2nz0
�N0N1 + N0N1� ,

B1 = i�N0N1,z − N0N1,z − N0,zN1 + N0,zN1� . �44�

Since one has time periodic boundary conditions for the ve-
locity in case of Couette flow �16� or a time-periodic pres-
sure gradient for Poiseuille flow �17�, the solution of the
homogeneous linear system �38� and �39� will have the form

N1 = eitN1+ + e−itN1−, �45�
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G1 = eitG1+ + e−itG1−, �46�

with time averages �N1�t=0 and �G1�t=0 where �F�t

= �2��−1�t
t+2�Fdt. Note that for the prescribed circular Cou-

ette flow G1+=1 and G1−=0. Elliptical flow is obtained by
superposing left- and right-rotating contributions.

For flow frequency ��1/�d �i.e., ��1� one can treat Eq.
�38� as a boundary layer problem. The boundary layers at z
= ±1/2 are of thickness ���. Then, solving Eq. �38� in the
bulk where one can neglect the terms proportional to � and
near to the boundaries one obtains at leading order in � after
the matching

N1 = − i�̃2nz0�− eitG1+ + e−itG1−�

+ i
1

2
��̃2 + �̃3�nz0N0�− eit�N0G1− + N0G1+�

+ e−it�N0G1+ + N0G1−��

− i�̃2�exp�−
i + 1
�2

1/2 + z
��k3

�G1+�− 1/2�

+ exp�−
i + 1
�2

1/2 − z
��k3

�G1+�1/2��eit

+ i�̃2�exp�−
− i + 1

�2

1/2 + z
��k3

�G1−�− 1/2�

+ exp�−
− i + 1

�2

1/2 − z
��k3

�G1−�1/2��e−it. �47�

At second order in a one has the system of inhomoge-
neous linear equations for N2 and G2:

N2,t − �L̂N�N0	N2� + L̂G�N0	G2� = rhsN, �48�

− M̂N�N0	N2� + 
G2,t − M̂G�N0	G2� = rhsG, �49�

with inhomogeneities

rhsN = − N0,T + �
− �2e2N0	N1	2 − �2e2N1�N0N1 + N0N1�

− k1N0nz1nz1,zz − k1N1�nz0nz1,zz + nz1nz0,zz�

− k3
1

2
N0�N1N1,zz + N1N1,zz� − k3

1

2
N1�N0N1,zz + N0N1,zz

+ N0,zzN1 + N0,zzN1� − �k3 − k2�i�1

2
N1B1,z + N1,zB1

+
1

2
N0B1

2� − �̃2nz1G1 +
1

2
��̃2 + �̃3�nz0N0

	�N1G1 + N1G1� +
1

2
��̃2 + �̃3��nz0N1 + nz1N0�

	�N0G1 + N0G1� , �50�

rhsG = �zz
2 
�̃2nz0N0,T + �̃2nz1N1,t + �̃3N1nz1,t −

1

2
�− �̃2 + �̃5�

	�N0N1 + N0N1�G1 +
1

2
�1

2
��̃3 + �̃6�

+ �̃1�1 − 	N0	2��N0 	 �N1G1 + N1G1�

+
1

2
��1

2
��̃3 + �̃6� + �̃1�1 − 	N0	2��N1

− �̃1�N0N1 + N0N1�N0��N0G1 + N0G1� . �51�

We are looking for a 2�-periodic solution of the system �48�
and �49�. One can write

N2 = N2st + N2os, G2 = G2st + G2os, �52�

where �N2os�t=0, �G2os�t=0 and N2st=r2ei�0, G2st=g2ei�0

with r2 and g2 time independent. The homogeneous system
�38� and �39� has the time-independent Null eigenvector
�iN0 ;0� and the solvability condition for the inhomogeneous
system �48� and �49� will take the form

��− iN0��L̂N�N0	N2st� − L̂G�N0	G2st� + rhsN��� = 0, �53�

where �−iN0 ;0� is the null eigenvector of the problem adjoint
to Eqs. �38� and �39� and we define the scalar product

��UF�� = �
−1/2

1/2

dz
1

2�
�

t

t+2�

UFdt . �54�

The real part of the solvability condition �53� gives the equa-
tion for �0 whereas the imaginary part gives the equation for
N2st ,G2st.

Taking the solution �47� one obtains from Eq. �53� at lead-
ing order in � the evolution equation for �0 of the form

�0,T = − f1 + f2 sin�2�0� , �55�

where

f1 =
1

2
�̃2�̃3�R0

2�	G1−	2 − 	G1+	2��z/�R0
2�z + �2k3��3/2

	
1

2
�− �̃2�̃3 +

2k1 − 2k2 + k3

k3
�̃2

2�I1

f2 = �2k3��3/21

2

k1 + 2k3 − 2k2

k3
�̃2

2I2, �56�

with �F�z=�−1/2
1/2 Fdz and

I1 = ��R0,z�− 1/2��2�	G1−�− 1/2�	2 − 	G1+�− 1/2�	2�

+ �R0,z�1/2��2�	G1−�1/2�	2 − 	G1+�1/2�	2��/�R0
2�z,

I2 = ��R0,z�− 1/2��2�G1−�− 1/2�G1+�− 1/2� + G1−�− 1/2�

	G1+�− 1/2�� + �R0,z�1/2��2�G1−�1/2�G1+�1/2�

+ G1−�1/2�G1+�1/2���/�R0
2�z. �57�
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For f1� f2, Eq. �55� describes slow precession of the direc-
tor. Neglecting the elasticity ��=0� one has, for the preces-
sion frequency,

� �
�2�3

�1
2 a2� , �58�

which coincides with Eq. �18�.
Slow x and y variations can be included in the form X

=ax, Y =ay, �x→a�X, �y→a�Y, and �0=�0�T ,X ,Y�. This
leads on the right-hand side of Eq. �55� to the additional
terms

C1��XX + �YY��0 + C2�sin�2�0����X�0�2 − ��Y�0�2

− 2�XY�0� − cos�2�0���XX�0 − �YY�0 + 2��X�0���Y�0��� ,

�59�

where

C1 =
�

2
�k1 + k2 + �k3 − k2��R0

4�z/�R0
2�z� ,

C2 =
�

2
�k1 − k2 − �k3 − k2��R0

4�z/�R0
2�z� . �60�

For f1� f2, Eq. �55� with �59� describes diffusive phase
waves that propagate on the background of the slow director
precession. Typical examples of the inhomogeneous director
distribution in the plane of nematic layer are umbilics �point
defects with topological index ±1� formed in homeotropi-
cally oriented nematic liquid crystals with negative dielectric
anisotropy in an electric field above the Fréedericksz transi-
tion �1�. Considering the case of circular flow �f2=0� and the
one-elastic-constant approximation �k1=k2=k3� one can find
the simple solution

�0 = − f1t + tan−1�Y − Y1

X − X1
� − tan−1�Y − Y2

X − X2
� , �61�

which corresponds to a pair of rotating umbilics located at
�X1 ,Y1� and �X2 ,Y2� with opposite topological index as ob-
served in experiments under low-frequency elliptical Couette
flow �16�. Another type of solution of Eqs. �55� with �59� is
given by

�0 = f1t +
f1

2C1
��X − X0�2 + �Y − Y0�2� �62�

and represents outgoing circular waves with the square of the
radius proportional to the local wave number. Such target-
pattern wave sources have been observed under high-
frequency flow excited by a piezocrystal �8�.

For f1� f2 the system becomes excitable. Whereas homo-
geneous precession is then excluded, wave trains with wave-
length below a threshold should still be possible.

V. DISCUSSION

In Fig. 1 we present results for the dependence of the
precession frequency F=� /2� on the reduced applied elec-

tric field E /EF for the case of circular Couette flow with a
=0.17, �=2.5	10−4, and 
=1.5	10−3 for the material pa-
rameters of Phase 5A at 30 °C �see the Appendix�, corre-
sponding to the experiments with Ax=Ay =3.4 �m, d
=20 �m, and flow frequency f =155 Hz �5�. The full simu-
lations �solid line� compare well with the experiments
�circles�. The remaining discrepancies may result from inac-
curacies of the experiments and uncertainties in the param-
eters. For comparison we have included the results obtained
from Eq. �13� with the prescribed velocity profile �dotted
line�. Whereas the high-field limit comes out fairly accu-
rately, the structures at lower fields, in particular near the
Hopf bifurcation, are not reproduced. Also included in Fig. 1
is the frequency �0 /2�, Eq. �18�, obtained by imposing the
prescribed velocity profile and neglecting elasticities �dot-
dashed line�. Our analytical calculations clearly demonstrate
that the back flow effect is responsible for the high preces-
sion frequency � at the Hopf bifurcation and the sharp de-
crease of � slightly above the onset. The results of weakly
nonlinear analysis are in a good quantitative agreement with
numerical simulations.

In Fig. 2 we present results from simulations as before,
but for various flow frequencies f . Whereas in Fig. 2�a� the
reduced precession frequency—i.e., F / f—is shown, we give
in Fig. 2�b� the frequency in physical units. One can see that
depending on f the precession frequency can either increase
or decrease above the onset of the Hopf bifurcation. The
increase results from the dominance of the effect of the elas-
ticities, which is strongest at low frequency.

Figure 3 demonstrates the influence of the sign of the
viscosity coefficient �3 on the precession frequency. The
solid line is obtained for the material parameters of Phase 5A
at 30 °C with �3=−1.5	10−3 N s/m2 whereas for the
dashed line �3= +1.5	10−3 N s/m2 was taken. At the Hopf
bifurcation the precession frequency � is positive and
change sign for �3�0 at high electric fields �i.e., the direc-
tion of the precession is opposite to the elliptic shear�. For
either sign of �3 the precession frequency approaches the
“universal” value given by Eq. �18� at high electric fields,

FIG. 4. Precession frequency F=� /2� as a function of the flow
frequency f =� /2� for circular Poiseuille flow. Material parameters
of MBBA at 25 °C, layer thickness d=20 �m, flow amplitude a
=0.15, and E /EF=2.6. Simulations of Eqs. �13� and �14� �solid
line�. Experimental data from �17� �circles�.
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where the average director orientation is nearly in the plane
of the nematic layer �except at the boundaries� and where the
back flow effects become less important.

Recently some experiments on circular Poiseuille flow
have been performed �17�. In Fig. 4 the precession frequency
as a function of the flow frequency at a rather high electric
field is compared with the simulations. In this range one
expects to good accuracy a linear relation, as shown by the
simulation. The slope agrees within 2% with that given by
the universal limit, Eq. �18�. With increasing flow frequency
the universal limit should be valid to progressively lower
fields.

It would be interesting to study experimentally in detail
the different regimes where nonlinear waves occur. For this
purpose Poiseuille flow is probably preferable because it can
be applied in a more controlled way. From the theoretical
side it should be possible to introduce a more general phase
description that is valid far away from umbilics in the whole
range of the electric field.
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APPENDIX

Phase 5A material parameters used �at 30 °C�: viscosities
�	10−3 N s/m2��1=−39.0, �2=−109.3, �3=−1.5, �4=56.3,
�5=82.9, and �6=−24.9 and elastic moduli �	10−12 N�K11

=9.8, K22=4.6, and K33=12.7.
MBBA material parameters used �at 25 °C�: viscosities

�	10−3 N s/m2��1=−18.1, �2=−110.4, �3=−1.1, �4=82.6,
�5=77.9, and �6=−33.6 and elastic moduli �	10−12 N�
K11=6.66, K22=4.2, and K33=8.61.
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