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In a model for polar filaments, which are transported relative to each other by molecular motors, the
homogeneous and isotropic filament distribution may become either unstable with respect to a stationary
or oscillatory orientational instability of finite wavelength or with respect to a density instability, where the
small wave numbers are not damped. Beyond these instabilities, in the weakly nonlinear regime, we find a
competition between stripe patterns and asters where the asters are preferred in a larger parameter range.
Besides the dynamic interactions via motors, filaments may also be connected persistently by crosslinker
proteins like actinin. Clusters of permanently linked filaments are likely to be randomly distributed in space
and such clusters are expected to affect the formation of patterns. As analyzed here in a simple case, the
bifurcation is affected by the disorder in such a way that the onset of patterns becomes more likely, for
instance by a reduction of the bifurcation threshold.

Key words: Pattern formation, Subcellular structure and processes, Complex systems, Disorder

PACS numbers: 47.54.+r; 87.16.-b; 89.75.-k; 71.55.-i

1 Introduction

Biological cells are apart from highly specialized bi-
ological units like the cell nucleus, mitochondria and
other organelles made of a complex fluid, the so-
called cytosol. Its main constituents are the cy-
toskeletal proteins. Most of them are polymerized
to actin filaments and microtubules, major parts of
the cytoskeleton which is the scaffold of most eu-
karyotic cells, stabilizes the cell morphology and de-
termines predominantly the mechanical properties
of the cell [1]. Apart from this obvious importance
for the overall cell structure the cell is organized
vastly by an efficient machinery which involves in
addition to the cytoskeletal polymers also different
kinds of associated proteins like motor proteins [2],
crosslinkers, capping proteins etc. Motors are spe-
cialized proteins that can move on the polymer scaf-
fold either to perform intracellular transport or to
organize actively the cytoskeleton if in contact with
several filaments.

The elastic properties of the cytoskeleton have
attracted recently a huge activity from physical sci-
ences [3]. A similiar trend can be observed for
the nonequilibrium processes in cells. In a living
cell the various types of polymerization and depoly-
merization processes of cytoskeletal filaments and
the motor-mediated transport which both need the
chemical fuel ATP (Adenosine triphosphate) are in-
teresting nonequilibrium processes. A number of
these processes are related to elementary questions
on dissipative pattern formation in cellular materi-
als [4, 5, 6], and to what extent they are involved in
the cellular organization.

In early experiments, motor-filament systems
have been studied in contractile filament bundles
[7, 8, 9] similar as in muscles. Later, motivated
by similarities to biologically relevant structures
like e.g. the mitotic spindle, pattern formation in
quasi two-dimensional dilute motor-filament solu-
tions was investigated and a huge variety of patterns
like bundles, asters, vortices and more complicated
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structures have been found [10, 11]. Phenomeno-
logical [12] and mesoscopic [13, 14, 15] modeling ef-
forts for such solutions have been published quite
recently.

However, describing a complex fluid like the cy-
toskeleton by a mean field-like approach - as all the-
oretic efforts do so far apart from the MD simula-
tions in Ref. [11] - neglects the inherent presence of
disorder as it obviously occurs in biological cells:
besides the dynamic filament interaction via the
motor proteins, actin filaments may also be linked
quasi permanently by crosslinker proteins, e.g. α-
actinin, filamin, fimbrin etc. [1]. Such crosslinkers
are used by the cell in quite high concentrations to
form gels, e.g. the cell cortex underneath the mem-
brane. In vitro these actin-linking proteins lead
in high concentrations to networks of semiflexible
polymers which are in the focus of a number of me-
chanical investigations [16, 17]. However, even after
several purification procedures usually performed to
get an actin solution for in vitro experiments, it is
very likely that always a small amount of such link-
ing proteins remains in the actin solution. Such
small fractions of linking proteins may cause small
clusters of actin filaments, such clusters being rather
immobile as compared to single filaments. Since the
oligomeric motor proteins can still bind to such clus-
ters, single filaments may still undergo motor trans-
port relative to these clusters. Therefore the cross-
linked clusters represent a realization of a frozen
disorder in the cytoskeleton problem.

At least what pattern formation is concerned, the
influence of disorder may change a bifurcation from
a spatially homogeneous state to a spatially periodic
state considerably, as was studied and established
for models of pattern formation in hydrodynamic
[18, 19, 20, 21] and chemical systems [22, 23]. In
those examples as well as for cytoskeletal patterns,
the onset of pattern formation is reduced by the
disorder as we desribe in Sec. 5.

The text is organized as follows: first a meso-
scopic model for a filament-motor system is de-
scribed. Upon coarse graining, one gets evolution
equations for the density and orientation field of
the filaments, which should be sufficient to describe
the system in the dilute and semi-dilute regime.

Then the possible pattern forming instabilities are
extracted and a generic description via amplitude
equations is sketched. In the last part, the effect of
parametric disorder is briefly discussed in the frame-
work of the amplitude equation of the stationary
bifurcation.

2 A mesoscopic model for

filament-motor systems

Our starting point is the probability distribution
function Ψ(r,u, t) for filaments, where the filament
orientation is described by a unit vector u. The
dynamics of Ψ(r,u, t) is governed by the Smolu-
chowski equation for rigid rods [15]

∂tΨ + ∇ · Jt + R · Jr = 0 , (1)

which is also called the Doi equation [24]. This
equation just describes the conservation of the prob-
ability. For a solution of rods, one has the diver-
gence of a translational current, Jt, and a rotational
current, Jr, which enters into Eq. (1) with the ro-
tational operator R = u × ∂u, the analogon of the
∇-operator on the unit sphere. The translational
and rotational currents can be written in the fol-
lowing form

Jt,i = −Dij [∂jΨ + Ψ∂jVex] + Ja
t,i , (2)

Jr,i = −Dr [RiΨ + ΨRiVex] + Ja
r,i , (3)

with an uniaxial diffusion matrix Dij and a rota-
tional diffusion coefficient Dr governing the rota-
tional Brownian motion. The excluded volume ef-
fect generated by neighboring filaments is described
by the potential Vex

Vex(r,u) =

∫

du′
∫

dr′ W (r−r′,u,u′)Ψ(r′,u′), (4)

similar as in Onsager’s theory of the isotropic-to-
nematic (I-N) transition [25]. The interaction kernel
W is assumed to be unity if the two filaments at
(r,u) and (r′,u′) overlap and it vanishes otherwise.

In the absence of the active currents Ja
t and Ja

r

the system of Eqs. (1)-(4) describes the diffusive
motion of rods that interact via the excluded vol-
ume effect and this case is discussed extensively, for
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instance, in Ref. [24]. The active filament currents
are induced by the action of molecular motors that
consume energy via the hydrolysis of ATP. If one as-
sumes that a motor binds preferentially at an angle
smaller than π/2 as has been assumed in [13], the
rotational contribution Ja

r is purely nonlinear. Its
behavior on pattern selection was discussed to some
extent in [15] but for reasons of simplicity we neglect
this contribution here, i.e. Ja

r = 0. If one assumes
only two-filament-interactions, which is reasonable
in the dilute limit, one can write

Ja
t = Ψ(r,u)

∫

du′
∫

dr′ v W (r−r′,u,u′)Ψ(r′,u′). (5)

This current describes the action of an oligomer
of molecular motors that sets two filaments at (r,u)
and (r′,u′) into relative motion if it is in contact
with both filaments. Such a simultaneous contact is
again described by the overlap function W in Eq. (5)
and the induced velocity v is described below.

The motor density here is assumed to be large
so that there are always motors around to induce
a relative filament motion if the overlap integral in
Eq. (5) becomes finite. The actively generated rela-
tive filament velocity v depends on the relative sep-
aration of the center of masses of the rods as well
as on the orientation of the rods

v(r, r′,u,u′) = v(r−r′,u,u′) . (6)

By symmetry considerations [13], the translational
velocity can be represented in leading order by

v(r, r′,u,u′)=
α(r− r′)

2L

1 + u · u′

|u × u′|
+

β

2

u′ − u

|u× u′|
. (7)

The coefficients α and β are macroscopic and phe-
nomenological transport coefficients for the complex
processes at the length scale of molecular motors.
By restricting the filament motion to one spatial
dimension and the filament orientation also to this
direction, then α and β correspond to the relative
transport of parallel and anti-parallel filaments re-
spectively, as can be seen by comparing this model
with a model for filament bundling [26].

2.1 Coarse grained equations for the first

two moments.

According to the excluded volume interaction and
the active currents Jt and Jr the system of Eqs. (1)-
(4) is nonlocal and nonlinear with a quadratic con-
tribution ∝ Ψ2. If the spatial variations of Ψ(r,u, t)
are small on the length scale of filaments the non-
local interaction may be removed by a gradient ex-
pansion of the integral kernel in Eqs. (4) and (5). A
moment expansion similar as performed in Ref. [27]
close to the I-N transition here leads to two coupled
evolution equations for the coarse grained density
of the filaments

ρ(r, t) =

∫

du Ψ(r,u, t) , (8)

and the orientation field

t(r, t) =

∫

du u Ψ(r,u, t) . (9)

The coupled equations for the two moments are
given in the appendix, their derivation can be found
in [15]. It is important to notice that the orientation
field is a vector field and not a director field as in
nematic liquid crystals. Since motor proteins move
according to the helical structure of the actin fila-
ments or the microbutules always in one direction,
the ±u-symmetry is broken and the vector field t

is a relevant quantity in a filament-motor system.
However, also lyotropic nematic order may occur
in densely packed actin filaments and microtubules
[28, 29]. Nevertheless, in the presence of motors the
polar orientation will often dominate because the
vector field t(r, t) becomes already important far
below the critical density of the isotropic-nematic
transition [15].

3 Pattern forming instabilities

A homogeneous filament density, as described by a
constant ρ0, with isotropically distributed filament-
orientation, i.e. t = 0, will be referred to as the
basic state. This basic state may become unsta-
ble with respect to a pattern forming instability, if
the filament density ρ0 or the motor activity pa-
rameter α is increased beyond some critical val-
ues [14, 15]. With ρ̃ we describe the deviations
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FIG. 1. The growth rates in the stationary case β = 0,
where σ = Re[σ(k)] = λ. The eigenvalue σd correspond-
ing to the instability with respect to density fluctuations
(solid line) as well as the one with respect to orientational
fluctuations, σL (dashed line), are shown as a function
of the wave number k for Dr = 0.1. The third eigen-
value σT is dampened as depicted by the dotted line.
Parameters are a) α = 25, ρ0 = 1.1 leading to a linearly
stable state; b) α = 35, ρ0 = 0.85 leading to a density
instability; c) α = 20, ρ0 = 1.7 leading to an orienta-
tional instability; d) α = 28, ρ0 = 1.185 both density
and orientational fluctuations are unstable.

of the filament density from the basic state with
ρ(r, t) = ρ0 + ρ̃(r, t).

The critical values for the density and α are de-
termined by linearizing the basic equations, as given
by Eqs. (18), with respect to small deviations ρ̃ and
t from the basic state. The resulting three (in two
spatial dimensions) coupled linear partial differen-
tial equations, written in vectorial form by intro-
ducing w = (ρ̃, tx, ty), read

∂tw(r, t) = L0w(r, t) . (10)

These equations have constant coefficients and by
a Fourier transformation one obtains an eigenvalue
problem with three different eigenvalues σl(k) =
λl(k) + iωl(k) (l = 1, 2, 3).

For β = 0 the eigenvalues are real and their wave
number dependence is shown for different parameter
sets in Fig. 1. One can identify a density mode (solid
line), a longitudinal orientation mode (dashed line)
and a transversal orientation mode (dotted line).
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FIG. 2. The case with finite β. The real part λ and the
imaginary part ω of the growth rate are shown in depen-
dence of wave number k as the dashed and dash-dotted
line respectively. At the point where the density and the
longitudinal orientation branch meet, the growth rate
gains a non-vanishing imaginary part, i.e. the instabil-
ity becomes oscillatory. Parameters are α = 17, β = 3,
Dr = 0.4 and ρ = ρβ .

For the parameter set used in Fig. 1a) the basic
state is stable and in part b) the basic state be-
comes unstable with respect to a density instabil-
ity. The dispersion λ(k) as described by the solid
curve in Fig. 1b) is typical for instabilities where
a conservation law is involved as it is the case in
our system for the overall amount of filaments. The
dashed curve in Fig. 1c) is an instability with fi-
nite wavelength which corresponds in our model to
a longitudinal orientational instability, i.e. the wave
number k and the orientational field t have the same
direction. Part d) of Fig. 1 shows the case, where
the basic state becomes unstable with respect to
both, a density instability and an orientational in-
stability. This may lead to complex nonlinear in-
teraction phenomena, as discussed elesewhere. The
transverse orientation mode is always dampened, as
shown by the dotted lines in Fig. 1.

The presence of a non-vanishing parameter β
leads to a qualitative change of the instabilities.
While in the case β = 0 all the eigenvalues are real,
the eigenvalues of the density and the longitudinal
orientation merge in the case β 6= 0 and one obtains
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a complex conjugate pair of eigenvalues (Hopf bifur-
cation) with a maximum at finite values of the wave
number, as shown in Fig. 2. As in the case β = 0,
also the (real and conserved) long wavelength mode
can become unstable and the interaction with the
finite wave number Hopf instability again leads to
interesting phenomena as discussed elsewhere.

The critical filament densities for the above in-
stabilities can easily be calculated. Its value for the
long wavelength density instability is given by

ρd =
1

α
18

− 2

π

, (11)

providing that this value is positive, i.e. if α > 36

π

holds. Otherwise the density instability is impos-
sible. One should note that ρd is independent of
β since the coupling of the density and the orien-
tation mode through the β-terms is O(k4) and the
instability is determined by the change of sign of
∂2

kσd.
The finite wave number longitudinal orientational

mode gets unstable for a filament density exceeding

ρα =
8

α

(

7

2
+

5

12
Dr

(

1 +

√

1 +
84

5Dr

))

(12)

in the case β = 0. For finite β one gets the critical
density ρβ as the solution of the quadratic equation

151

11520
Drαρβ =

[(

7α

96
−

3

2π

)

ρβ −
13

8

]2

. (13)

One should note that ρβ does not depend on β since
the β-contributions are off-diagonal and therefore
only influence the frequency of the oscillatory in-
stability.

The critical wave numbers kα
c and kβ

c respectively
and the frequency ωc in the case β 6= 0 can also be
easily obtained [15, 33].

4 Weakly nonlinear description of

patterns

For values of the control parameter, here the mean
filament density ρ0, near the threshold of a super-
critical bifurcation with a finite wave number, an

FIG. 3. Numerically obtained stationary nonlinear solu-
tions of the investigated model as they are also described
by the simple amplitude equations for orthogonal rolls,
Eqs. (15). On the left a square pattern where the pattern
implied by the orientation field (the arrows) strongly re-
sembles patterns, so-called asters, in in vitro experiments
of microtubules and motors [11]. The density field is
color-coded with white color as high and dark color as
low density. On the right the stripe pattern, which can
also be obtained in the orthogonal direction.

amplitude expansion can be performed to describe
the dynamics of the pattern on slow time scales and
for small modulations of the spatially periodic pat-
tern [4].

In the stationary case, i.e. β = 0, the generic pat-
terns in two–dimensional systems close to threshold
are stripes, squares or hexagonal patterns. From
both the hierarchy of equations that has to be solved
during the derivation of the amplitude equations
and from numerical simulations of the full under-
lying equations, hexagons can be discarded and the
only possible solutions are stripes in two orthogo-
nal directions [15]. The generic equations for the
amplitudes A and B of the critical modes,






ρ
tx
ty






=







0
A
0






eikα

c
x +







0
0
B






eikα

c
y + c.c. (14)

(c.c. describes the complex conjugate) then read

τ0∂tA = εA −
(

g1|A|2 + g2|B|2
)

A ,

τ0∂tB = εB −
(

g1|B|2 + g2|A|2
)

B , (15)

reflecting the possibility of roll patterns in x− and
y−directions and its superposition as a square pat-
tern. Here ε = ρ0−ρα

ρα

is the deviation from the
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threshold of the stationary longitudinal orientation
mode. τ0, g1 and g2 are coefficients that link the
generic amplitude equation to the specific underly-
ing model system. The stationary nontrivial solu-
tions of Eqs. (15) are shown in Fig. 3. For small
deviations from the threshold, they agree with the
full numerical solution of Eqs. (18,19) [15].

For β 6= 0 and close to the Hopf bifurcation one
can derive from the basic Eqs. (18,19) restriced to
one spatial dimension two coupled equations for the
amplitudes of a left and a right traveling wave, simi-
lar as described in detail in other systems [4, 30]. In
two spatial dimensions one obtains a set of four cou-
pled equations for the left and right traveling waves
along the two spatial directions, which show inter-
esting nonlinear couplings [31, 32]. The derivation
and detailed analysis of the respective equations,
which allows for interesting solutions like travel-
ing and breathing asters, is described in detail in
Ref. [33].

5 Influence of inhomogeneities on

pattern formation

Our models so far were based on the assumption
that filaments are only temporarily and dynamically
linked by motor proteins. The macroscopic descrip-
tion led to ideal patterns like stripes or asters in
the stationary case [15] and traveling waves in the
oscillatory case.

However, in the cell cortex for instance, actin
filaments may also be linked nearly permanently
by proteins such as α-actinin, filamin, fimbrin etc.
[1] to form gel-like or network-like structures. The
presence of a high concentration of these crosslink-
ing proteins leads to a semiflexible elastomer.

In the opposite limit, if the crosslinker density is
too small for the system to percolate and build up
a gel or network, such a small amount of crosslink-
ers may cause randomly distributed small clusters
of several filaments. The motors still walk on such
clusters, transporting single filaments from the solu-
tion, thus the clusters represent a noise in the prob-
lem. Since these clusters diffuse much slower than
single filaments (diffusion scales with mass), if at all,

they represent a time independent, frozen random
contribution to the mean density ρ0.

Additionally, there is a much higher probability
that an oligomeric motor protein hits such a clus-
ter than a single filament. So single filaments may
be transported with a higher efficiency with respect
to clusters than with respect to single filaments.
Therefore also the effective motor transport param-
eters α and β may adapt different values close to
such a cluster than close to a single filament.

To conclude, randomly distributed clusters cause
a frozen random contribution to the mean density
ρ0 as well as to the motor parameters. Close to the
onset of spatially periodic patterns the dynamics
of the amplitude of the patterns may be described
by amplitude equations as was exemplified for the
cytoskeleton model in section 4. If we assume a
small magnitude of the random contribution, the
major effects of the randomness should be taken
into account close to the bifurcation point by the
respective amplitude equations.

For simplicity, we discuss here only the case of
a stationary supercritical (i.e. forward) bifurcation,
where rich behaviour can already be expected. In
the amplitude equation for such a pattern, that is
spatially periodic only in one direction for simplic-
ity (consider e.g. the stripe solution of Eq. (15))
the randomness may cause different contributions: a
frozen randomness destroys for instance the transla-
tional invariance and therefore allows for quadratic
contributions in the amplitude. Without being com-
plete, the amplitude equation can have the follow-
ing possible random contributions ξ(x), ξ2(x) and
ξ3(x):

τ0∂tA = (ε + ξ(x) + λ2∂2

x)A + ξ2(x)f(A2, |A|2)

−g1|A|2A + ξ3(x) . (16)

As compared to Eq. (15), we have allowed for slow
spatial variations of the amplitude with a coherence
length λ [4], which can also be derived straightfor-
wardly from the underlying model. ξ(x) is a multi-
plicative noise, ξ3(x) is an additive noise and ξ2(x)
is a term coupling to the square of the amplitude.
Which of these contributions is most important de-
pends on the system and the underlying model that
has been used.
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FIG. 4. The spatial structure of the eigenfunction of
the linear part [ε + ξ(x) + ∂2

x]A = 0 is displayed for a
realization of the noise ξ(x), as shown in the lower part,
but for three different noise amplitudes D.

Here we just highlight briefly the effect of ξ(x)
and choose ξ2(x) = ξ3(x) = 0. We assume a van-
ishing mean value 〈ξ(x)〉 = 0 and a delta-correlated
second moment

〈ξ(x)ξ(x′)〉 = Dδ(x − x′) (17)

for the noise [34]. One realization of this parametric
disorder is shown in the bottom part in Fig. 4. In
the absence of noise, the solutions A(x) are simply
constant functions or spatially periodic functions.
With noise however, depending on the noise am-
plitude, A(x) becomes localized as indicated in the
upper part of Fig. 4 for the same realization of ξ(x)
but for three different amplitudes D. This localiza-
tion is most strongly pronounced at the threshold
and it becomes weaker for larger values of the con-
trol parameter.

Second, we find a reduction of the threshold due
to such a multiplicative frozen noise, as shown for
instance by Fig. 5 for three different values of the
noise strength. The curves in Fig. 5 are mean values
as obainted by averaging over 100 realizations of the
random noise. The threshold values are < εc >=
−1.637×10−2 for D = 0.01, < εc >= −5.144×10−2

for D = 0.04 and < εc >= −0.21 for D = 0.25.
Besides the reduction of the threshold also the slope
of the bifurcation is reduced as shown in Fig. 5.

0
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0.06

0.08

−0.2 −0.1 0 0.1

control parameter ε

<A
2
>

FIG. 5. The averaged squared amplitude 〈A2〉 is shown
as a function of the control parameter ε for different val-
ues of the noise amplitude: D = 0.01 (circles), D = 0.04
(squares) and D = 0.25 (crosses). The solid line cor-
responds to the non-disordered case (D = 0) where
A2 = ε/g holds.

According to these results for the threshold re-
duction we expect pattern formation in cytoskeletal
solutions to be more likely in the presence of clus-
ters than without disorder. We expect that random
effects as described by the noise contributions ξ2(x)
and ξ3(x) amplify this trend further and make pat-
tern formation possible at even smaller values of the
control parameter. A derivation of the noise contri-
butions, as pointed out in Eq. (16), from mesoscopic
models like Eqs. (18,19) is required for a further elu-
cidation of these effects.

6 Conclusions and perspective

We have discussed pattern formation in a cytoskele-
tal solution consisting of filaments (actin or micro-
tubules), motor proteins (e.g. myosin for actin or
kinesin in the case of microtubules) and crosslinkers
(e.g. actinin). Starting from a mesoscopic model
of a filament-motor solution which can be coarse-
grained to equations for the density and the orien-
tation of the filaments, one can investigate various
instabilities and derive generic amplitude equations
for stationary orientational and oscillatory density-
orientation patterns. The addition of crosslinkers
introduces in the dilute case, due to the formation
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8 F. Ziebert, M. Hammele and W. Zimmermann: On cytoskeletal patterns and intrinsic disorder effects

of small filament clusters, an inherent parametric
disorder into the pattern formation problem.

If this disorder is weak, its effects can be taken
into account close to the threshold by the amplitude
equations. If the disorder occurs parametrically in
the linear part of the equation, disorder reduces the
onset of pattern formation considerably. The disor-
der effects are strong close to the threshold and they
become weaker with increasing values of the control
parameter as shown in Fig. 5. The localization ef-
fect of the amplitude, c.f. Fig. 4, is most strongly
pronounced close to the threshold too.

By deriving the amplitude equation in Eq. (16)
from mesoscopic models, the relative noise contribu-
tions can be interpreted more clearly. Nevertheless,
we expect that both contributions ξ2(x) and ξ3(x)
amplify the tendency to extend the existence of pat-
terns to even smaller values of the control param-
eter. Recent experiments in actin-myosin systems
with very small fractions of streptavidin crosslinkers
[35] seem to support the importance of the disorder-
induced threshold lowering effect in this very sys-
tem.

If small and permanently linked clusters increase
beyond the percolation threshold one obtains a
globally linked filament network. The dynamics
that occurs by the interaction of this network with
free filaments via the motor action is another inter-
esting and biologically relevant problem to be in-
vestigated from the point of views of cell mechanics
and self organization.

7 Appendix: Coarse grained

equations for density and orien-

tation

The full equations read (with the dot meaning the
partial derivative with respect to time and t =
(tx, ty) in two dimensions)

ρ̇=
3

4
∆ρ +

[

3

2π
−

α

24

]

∇ · (ρ∇ρ)

−
α

48
∂i

[

ti∂jtj + tj∂itj + tj∂jti

]

−
α

C1

{

38∇ · (ρ∇∆ρ) + 11∂i (tj∂i∆tj)

+16∂i

[

ti∆∂ltl + 2tl∂l∂i∂ltl + tl∂l∆ti

]}

−
β

96
∂i

[

ρ∂i∂jtj − tj∂j∂iρ +
3

2
(ρ∆ti − ti∆ρ)

]

, (18)

ṫi =−Drti +
5

8
∆ti +

1

4
∂i∇ · t

+
1

4π

[

5∂j (ti∂jρ) + ∂j(tj∂iρ) + ∂i(tj∂jρ)

]

−
α

96
∂j

[

3ti∂jρ + tj∂iρ + ρ(∂itj + ∂jti)

]

+
α

96
∂i

[

tl∂lρ + ρ∂ltl

]

−
16α

C2

∂i

[

∆∂ltl + tl∂l∆ρ

]

−
α

C2

∂j

[

ρ

(

11∂j∆ti + 16∂i∆tj + 32∂j∂i∂ltl

)

+16tj∂i∆ρ + 32tl∂l∂i∂jρ + 44ti∂j∆ρ

]

+
β

2
∂j

[

1

2
δijρ

2− titj +
1

48

(

3

4
δijρ∆ρ +

1

2
ρ∂i∂jρ

)]

−
β

96
∂j

[

tl∂l∂itj + ti∂j∂ltl + ti∆tj

]

. (19)

with C1 = 23040 and C2 = 2C1. Time, space,
density and orientation field are written in rescaled
units defined by (L the filament length)

t′ =
D‖

L2
t, x′ =

1

L
x, ρ ′ = L2ρ, t′ = L2t. (20)

The rescaled diffusion and motor parameters read

D′
r =

L2

D‖
Dr ,

D⊥

D‖
=

1

2
,

α′ =
L

D‖
α , β ′ =

L

D‖
β , (21)

where the relation of the translational diffusion co-
efficients holds for dilute solutions. For a derivation
of Eqs. (18,19) we refer to Ref. [15].
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