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We present an approach for time-dependent quantum transport based on a self-consistent nonequilib-

rium Green function formalism. The technique is applied to a ballistic carbon nanotube transistor in the

presence of a time-harmonic signal at the gate. In the on state, the dynamic conductance exhibits

plasmonic resonant peaks at terahertz frequencies. These vanish in the off state, and the dynamic

conductance displays smooth oscillations, a signature of single-particle quantum effects. We show that

the nanotube kinetic inductance plays an essential role in the high-frequency behavior.
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Nanoelectronic devices using nanotubes and nanowires
as their active elements have been extensively studied for
their dc properties [1]. However, their high-frequency ac
characteristics have received little attention despite the
obvious importance for many applications and the breadth
of intriguing scientific questions. Experimental work in
carbon nanotube (NT) and graphene field-effect transistors
(FETs) have indicated little performance degradation up to
gigahertz frequencies [2], and, recently, time-domain mea-
surements in the terahertz (THz) regime have been used to
distinguish between plasmon and single-particle excita-
tions at low temperatures in NTs [3].

This progress in measuring the high-frequency proper-
ties of NTs poses challenging questions for theory and
modeling, in particular, on how to describe the carrier
quantum dynamics under nonequilibrium conditions in
realistic device geometries, along with the self-consistent
feedback between the time-dependent charge and poten-
tial, which is essential to capture the plasmonic excitations
of the system [4]. In addition, one open question is whether
single-particle and plasmon excitations can be distin-
guished in low-dimensional systems.

In this Letter, we address these questions by proposing a
formalism for ac quantum transport making use of non-
equilibrium Green functions (NEGFs) [5] and apply it to
determine the high-frequency properties of NTFETs. We
find that the dynamic conductance exhibits both smooth
oscillations and divergent features in the THz regime,
indicating the coexistence of single-particle and collective
excitations (plasmons). In addition, by calculating the
dynamic capacitance, we show that the nanotube kinetic
inductance plays a central role in determining the high-
frequency behavior, in contrast to conventional FETs.

We begin by describing our theoretical approach using
the example of a NTFET as illustrated in Fig. 1(a). (NTs
are ideal to study ballistic high-frequency transport due to
the large electron mean-free path for acoustic phonon
scattering, even at room temperature [6].) The system is
divided into a device region which is connected to two
semi-infinite leads consisting of NTs embedded in source

and drain metals. The salient feature is the presence of a
time-dependent potential at the gate terminal Vg þ ~vgðtÞ,
and we are interested in the dynamic source-drain conduc-
tance gð!Þ. This is a much different problem than the one
treated previously mostly within a non-self-consistent ap-
proach where either a time-dependent potential was ap-
plied to the source and drain electrodes [7] or simplified
one- or two-level systems were used [8].
In the absence of ~vgðtÞ, the system is described by the

retarded and advanced (� ¼ r=a) Green function

G�
0 ðEÞ ¼ ½ðE� i�ÞI�H0 �Usc � ��

c ðEÞ��1; (1)

where � is a positive infinitesimal constant.H0 is the time-
independent Hamiltonian of the device region, while ��

c

couples the device region and the semi-infinite leads;Usc is
the time-independent, spatially dependent, self-consistent
dc electrostatic potential. This Green function forms the
basis for calculations of the dc transport properties of
nanosystems. In the presence of ~vgðtÞ, a time- and spatially

FIG. 1 (color online). (a) Cross section of the cylindrical
NTFET geometry. (b) dc transfer characteristics for L¼30 nm.
(c) Band diagram in the on and off states, as marked by arrows in
panel (b); the dashed-dotted line at �1 eV is Fermi level.
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dependent electrostatic potential Uðr; tÞ is generated in the
device region. Uðr; tÞ must be determined based on the
complex environment of the nanosystem and must satisfy
self-consistency between the charge and electrostatic po-
tential, as will be discussed further below. Because of the
presence of this time-dependent potential, the relevant
Green function is the two-time function

G�ðt; t0Þ ¼ G�
0 ðt� t0Þ þ

Z
dt1G

�
0 ðt� t1ÞUðt1ÞG�ðt1; t0Þ:

(2)

We obtain the frequency-dependent particle current at
terminal � from the time derivative of the number operator
as

Ip�ð!Þ ¼ e

h
Tr

Z
dEfG<ðEþ; EÞ�a

�ðEÞ
� �r

�ðEþÞG<ðEþ; EÞ þGrðEþ; EÞ�<
� ðEÞ

� �<
� ðEþÞGaðEþ; EÞg; (3)

where Eþ � Eþ @!. The ac Green functionsG�;<ðEþ; EÞ
appearing in Eq. (3) are obtained from Dyson’s equa-
tion G� ¼ G�

0 þG�
0UG�, whereas the nonequilibrium

particle density reads G< ¼ ðI þGrUÞG<
0 ðI þUGaÞ fol-

lowing the standard procedure [5]. G<
0 ¼ Gr

0�
<
c G

a
0 refers

to the particle distribution of the unperturbed system with
�<

c ¼ �P
�f�ð�r

� � �a
�Þ, and f� the Fermi function of

terminal �.
The above set of equations provides an approach to

calculate the frequency-dependent quantum transport in
the NEGF technique. These equations need to be aug-
mented to include the coupling of the quantum transport
equations with the electrostatics, as embodied by Poisson’s
equation:

r � ½�ðrÞrUðr; !Þ� ¼ ��ðr; !Þ: (4)

(At the frequencies of interest here, the time dependence of
the full Maxwell equations can be neglected.) This contri-
bution is especially important to capture the complex
environments of nanoelectronic devices and plasmonic
effects. Poisson’s equation is complemented by appropri-
ate boundary conditions at the terminals; in particular, at
the gate terminal, a time-dependent potential ~vgðtÞ is ap-
plied and serves as the external perturbation that generates
Uðr; !Þ.

A closed set of equations can be obtained by expressing
the charge density from the Green function:

�ðr; !Þ ¼ ie��1
Z

dEG<ðEþ @!;EÞ: (5)

Thus, the set of Eqs. (1)–(5) provides an approach to
calculate self-consistently the frequency-dependent cur-
rent in the presence of a frequency-dependent external
gate potential. We note that our approach does not rely
on approximations to the wide- or narrow-band limits but
treats the spectral properties of the contacts explicitly.

To proceed further, we consider Uðr; !Þ to be a small
perturbation and expand the above equations to linear order
in U. The Green function of the perturbed system can be

obtained from Dyson’s equation as G� ¼ G�
0 þ

1
2G

�;þ
0 UG�

0 , while G
< ¼ G<

0 þ 1
2G

<;þ
0 UGa

0 þ 1
2G

r;þ
0 UG<

0

(aþ superscript indicates a function evaluated at Eþ @!).
In practice, one is often interested in the small-signal
response of the two-terminal conductance g��ð!Þ ¼
dI�ð!Þ=dV�jV�¼0. To obtain an expression for g��, we

consider a time-harmonic gate potential ~vgðtÞ ¼
v0 cosð!tÞ which generates an electrostatic potential
Uðr; !Þ cosð!tÞ on the NT. Expanding to lowest order in
U and V�, we obtain for the particle conductance

gp��ð!Þ ¼ e2

2h
Tr

Z
dE½fGr;þ

0 Uð!ÞGr
0
~�<
�

� ~�<;þ
� Ga;þ

0 Uð!ÞGa
0g��� þ ~G<;þ

0;� Uð!ÞGa
0�

a
�

þGr;þ
0 Uð!Þ ~G<

0;��
a
� � �r;þ

�
~G<;þ
0;� Uð!ÞGa

0

� �r;þ
� Gr;þ

0;�Uð!Þ ~G<
0;��; (6)

where ~h� ¼ @h=@V�jV�¼0 for a general function h.

In general, the particle conductance does not obey fun-
damental sum rules for current conservation and gauge
invariance, since the displacement current has been
omitted. To include it, we adopt the scheme of Ref. [9],
where the final conductance is given by g�� ¼ gp�� �
ðP�¼s;dg

p
��=

P
�¼s;dg

d
�Þgd�, and derive for the frequency-

dependent displacement conductance

gd�ð!Þ ¼ e2!

4�

Z
dE½Gr;þ

0
~�<;þ
� Ga;þ

0 Uð!ÞGa
0

þGr;þ
0 Uð!ÞGr

0
~�<
�G

a
0�: (7)

Note that g��ð!Þ measures the change in the conductance

relative to the value at the dc operation point.
We now apply the ac theory outlined above to calculate

the zero-bias ac conductance at T ¼ 300 K for the NTFET
of Fig. 1(a). The first step is to obtain the dc properties of
the NTFET; details of the numerical procedures are given
in Ref. [10]. The ð17; 0Þ NT of radius R ¼ 0:66 nm is
modeled using a pz tight-binding model with an overlap
energy of �0 ¼ 2:5 eV, giving a band gap of 0.55 eV. The
Fermi levels EF of the source and drain metals are set 1 eV
below the NT midgap before self-consistency, which gives
a p-type Ohmic contact after self-consistency. Figure 1(b)
shows the dc transfer characteristics of the NTFET with a
channel length L ¼ 30 nm, which consist of an on state
where the bands are essentially flat and an off state where a
gate-controlled barrier blocks the hole current [Fig. 1(c)].
To explore the ac behavior of the NTFET, we first

choose a dc operating point, either in the on or off state
as marked by arrows in Fig. 1(b), and apply an ac gate
signal perturbation of frequency ! and magnitude v0 ¼
10 meV. Figure 2(a) shows the real and imaginary parts of
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the ac conductance in the off state which displays smooth
oscillations as a function of frequency. [gð! ¼ 0Þ is nega-
tive because the ac perturbation v0 cosð!tÞ reduces to a
positive dc voltage perturbation �Vg ¼ v0. According to

the dc transfer characteristics of Fig. 1(b), an increase in dc
gate bias leads to a reduced conductance.] Surprisingly, for
finite frequencies the ac conductance can take values
larger than the dc conductance. The origin of this behavior
and of the smooth oscillations can be understood from the
spatially and energy-dependent density of states (DOS) in
the off state shown in Fig. 2(b). At a given position along
the NT, the DOS shows oscillations in energy with a
characteristic frequency of about 25 THz. The maxima in
gð!Þ arise from the photoexcitation of carriers between
maxima of the DOS, while the minima in gð!Þ arise from
the excitation between maxima and minima of the DOS.
Thus, in the off state, smooth conductance oscillations are
a signature of the single-particle excitation spectrum. The
oscillatory character of gð!Þ is preserved when the self-
consistent feedback between the charge and potential is
disabled (not shown), confirming this nature of transport.

Figure 3(a) displays the real and imaginary parts of the
dynamic conductance gð!Þ for the same NTFET in the on
state, which is also slightly negative at ! ¼ 0 for the same
reason as in the off state. We observe that the response for
frequencies less than about 4 THz is constant, in agreement
with the experiments in Ref. [2]. For larger frequencies, we
observe that the conductance exhibits a pronounced diver-
gent response at !=2� � 24 THz with an underlying os-
cillatory behavior. Near the divergence, the self-consistent
potential along the NT reveals large amplitude oscillations,
which change phase as the divergence is crossed. These
large amplitude oscillations are shown for a device with
L ¼ 90 nm channel length in Fig. 3(b), including the

higher-order modes. The presence of these oscillatory
modes suggests that plasmons are responsible for the di-
vergent behavior. In order to ascertain that the response
calculated in the on state can be attributed to collective
rather than single-particle excitations, we compare in
Fig. 3(a) (top inset) the self-consistent (SC) response
gð!Þ with the non-self-consistent solution obtained from
the first iteration. The divergence in the conductance dis-
appears entirely while the smooth oscillations persist.
Thus, the self-consistency between the charge and poten-
tial is essential to observe the divergence, a signature of a
collective phenomenon. In the on state, we therefore have
the coexistence of single-particle and plasmonic effects.
Furthermore, from the amplitude of the potential oscil-

lations we can obtain the dielectric function of the NTFET
from �ð!Þ ¼ Uextð!Þ=Uð!Þ. As shown in the bottom inset
of Fig. 3(a), �ð!Þ shows a clear zero crossing at the
frequency where gð!Þ displays divergent behavior and is

FIG. 2 (color online). ac response in the off state for a L ¼
30 nm NTFET: (a) real/imaginary part of gð!Þ. (b) Color plot of
the density of states along the channel, showing the resonant
photoexcitation of carriers through energy and spatially oscillat-
ing quantum states. The valence band edge is marked with the
solid black line, and EF ¼ �1 eV.

FIG. 3 (color online). Panel (a) shows the frequency-
dependent conductance for a NTFET with L ¼ 30 nm. The top
inset compares the self-consistent and non-self-consistent re-
sults. The bottom inset shows the dielectric function versus
frequency. Panel (b) shows the periodic potential near the
plasmon frequencies for L ¼ 90 nm. Panel (c) shows the re-
sponse for three different channel lengths.
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further evidence for the excitation of plasmons. In the
simplest model, "ðq;!Þ ¼ 1� 	ðq;!ÞKðqÞ, where
	ðq;!Þ is the response function and KðqÞ is the electro-
static Green function for Poisson’s equation. In the on
state, the NT is effectively like a quasi-one-dimensional
electron gas, where for small q, 	ðq;!Þ ! 2q2kF=m�!2,
with kF the Fermi wave vector and m the effective mass
[11]. KðqÞ is obtained by using the Green function for

a NT in free space surrounded by a dielectric "ox: KðqÞ ¼
e2

"ox
I0ðqRÞK0ðqRÞ. [This is a good approximation to the full

KðqÞ when q � R�1
G where Rg ¼ 4 nm is the gate radius.]

Near the threshold voltage we obtain the plasmon frequen-
cies for the NTFET by quantizing the plasmon excitations
to the channel length, i.e., qn ¼ ð�=LÞð2nþ 1Þ, giving
the frequencies !n¼ vp

L ð2nþ1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I0ðn�R=LÞK0ðn�R=LÞ

p
,

where vp is the plasmon group velocity. To test the scaling

of the plasmon frequencies with channel length and mode
number, we calculated the ac response for NTFETs up to
channel lengths of 90 nm; inspection of Fig. 3(c) indicates
that the plasmon frequencies scale linearly with L�1 and n,
with a plasmon velocity of vp ¼ 2:7� 106 m=s, about

4 times larger than the Fermi velocity.
Our modeling approach also allows the study of the

fundamental processes that control the ac properties of
nanoelectronic devices. As an example, we show in
Fig. 4 the real part of the total dynamic capacitance defined
as Cð!Þ ¼ Qð!Þ=v0, withQ the total charge on the NT. At
small frequencies Re½Cð!Þ� is positive, implying a capaci-
tivelike behavior, but becomes inductive at �8 THz as
marked by the sign change. This characteristic is funda-
mentally different from that of traditional FETs, which
show only capacitive behavior. The origin of this uncon-
ventional behavior is the nanotube kinetic inductance.
Indeed, we can model the NTFET as a classical RLC
circuit as shown in Fig. 4 (inset), for which the dynamic
capacitance Re½Cð!Þ� / 1�!2LKC0, where LK is the
nanotube kinetic inductance and C0 is the zero-frequency
capacitance. This gives a transition to inductive behavior at
! ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
LKC0

p
, and from our numerical data for Cð!Þ we

extract LK ¼ 0:2 nH for the 30 nm device. This value is
consistent with that expected from simple arguments [12].
In summary, we presented a new self-consistent ap-

proach for ac quantum transport and applied it to determine
the high-frequency response of NTFETs. In the on state,
the dynamic conductance shows divergent peaks, which
are associated with the excitation of plasmons of the gated
NTFET acting as a resonant quantum cavity, whose
mode spectrum can be tuned by varying the channel length.
Our results suggest that low-dimensional systems with
nanometer-sized channels show potential for novel detec-
tors and emitters of terahertz radiation. The approach can
be applied to a broad range of nanoelectronic systems; it
will be useful for the study of many time-dependent phe-
nomena in low-dimensionality systems including phonon
and defect scattering, ultrafast optical excitation, and en-
tirely new operation modes of nanoelectronic devices.
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FIG. 4 (color online). Real part of the dynamic capacitance
Cð!Þ for L ¼ 30 nm in the on state. Inset: RLC model for the
dynamic capacitance.

PRL 103, 026601 (2009) P HY S I CA L R EV I EW LE T T E R S
week ending
10 JULY 2009

026601-4


