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Abstract

We discuss the effect of small perturbation on nodeless solutions of
the nonlinear Schrédinger equation in 1 4 1 dimensions in an external
complex potential derivable from a parity-time symmetric superpotential
that was considered earlier (Kevrekidis ef al 2015 Phys. Rev. E 92 042901).
In particular, we consider the nonlinear partial differential equation

{18, + 82 + glv(x, )2 — V() }9(x,1) = 0, where V* (x) = (—=b* — m? + 1/4)
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sech?(x) — 2imbsech(x) tanh(x) represents the complex potential. Here,
we study the perturbations as a function of b and m using a variational
approximation based on a dissipation functional formalism. We compare
the result of this variational approach with direct numerical simulation of
the equations. We find that the variational approximation works quite well
at small and moderate values of the parameter product bm which controls
the strength of the imaginary part of the potential. We also show that the
dissipation functional formalism is equivalent to the generalized traveling
wave method for this type of dissipation.

Keywords: stability analysis, collective coordinates, variational approach,
dissipation functional, traveling wave method

(Some figures may appear in colour only in the online journal)

1. Introduction

The topic of balanced loss and gain or parity-time (P7 ) symmetry, and its relevance to physi-
cal applications on the one hand, as well as its mathematical structure on the other, have drawn
considerable attention from both the physics and the mathematics community. The original
proposal of Bender and his collaborators [1-4] towards the study of such systems was made
as an alternative to the postulate of Hermiticity in quantum mechanics. Keeping in perspective
the formal similarity of the Schrodinger equation with Maxwell’s equations in the paraxial
approximation, it was realized that such P7 invariant systems can in fact be experimentally
realized in optics [5—14]. Subsequently, these efforts motivated experiments in several other
areas, including P7 invariant electronic circuits [15, 16], mechanical circuits [17], and whis-
pering-gallery microcavities [18].

Concurrently, the notion of supersymmetry (SUSY), originally espoused in high-energy
physics, has also been realized in optics [19, 20]. The key idea is that from a given potential
one can obtain a SUSY partner potential with both potentials possessing the same spectrum,
except possibly for one eigenvalue [21, 22]. Therefore, an interplay of SUSY with PT sym-
metry is expected to be quite rich, and is indeed very useful in achieving transparent, as well
as one-way, reflectionless complex optical potentials [23—27]. There is now quite a large body
of literature on the spectra of complex potentials having P77 symmetry, and how they lead to
trapped solitary wave solutions, or modify existing solitary wave solutions, when these poten-
tials are added to the nonlinear Schrodinger equation. [28-33]. Much of the recent research
on the interaction of nonlinear waves with P7 symmetric complex potentials has been sum-
marized in a recent review article by Konotop, Yang and Zezyulin [34]. Other P77 symmetric
potentials allowing for exact trapped solutions have been discussed by Barashenkov ez al [35].

In this paper, we consider the same (P7T ) symmetric potential (Scarff II) as considered
in the pioneering work on optical solitons by Musslimani et al [36]. In that paper, numerical
simulations were performed, and the stability of the trapped solutions was studied by solving
the linear eigenvalue problem for the perturbation modes around the exact solution. In this
paper, we instead take advantage of the fact that if we introduce a set of collective coordinates
to parametrize the perturbed solution, we can use a dissipation functional formalism [37] (or
alternatively the generalized traveling wave method (GTWM) [38]), to approximately capture
the behavior of a perturbed solution, as well as to give approximate analytic results for the fre-
quencies of small oscillations of the position and width parameters of the perturbed solution.
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This provides a simple alternative (to using numerical linear stability analysis) for answering
the question of stability of exact solutions, and also allows one to approximately follow the
motion of the perturbed solution in time. One of the purposes of this paper is to explore how
well this approximate description of the solitary wave tracks the numerically found solution
of the perturbed solitary wave as we increase the strength of the complex part of the potential.
In problems of this type, the evolution equations for the collective coordinates can always be
found using the GTWM. In all circumstances that we have so far encountered, one can also
find a dissipation functional that allows one to obtain the equations for the collective coor-
dinates more simply, and which is equivalent to the GTWM. The equivalence of these two
approaches for the NLSE in an external potential of the form V; + iV, is shown in appendix B.

A previous paper, [39], explored the interplay between P7 symmetry, SUSY and nonlin-
earity. That paper derived exact solutions of the general nonlinear Schrodinger (NLS) equa-
tion in 1 + 1 dimensions when in a P7 -symmetric complex potential [21, 40]. In particular,
its authors considered the nonlinear partial differential equation

10, + 07 — VE(x) + gl (x. )" ¥(x.1) =0, (1.1)
for arbitrary nonlinearity parameter x, with

VE@) = Wi(x) F Wi(x) — (m— 1/2)%, (1.2)
and the partner potentials arising from the superpotential

Wi(x) = (m — 1/2) tanhx — ib sechx, (1.3)

giving rise to

VT (x) = (=b* — m® + 1/4) sech®(x)
— 2imbsech(x) tanh(x), (1.4a)

V7 (x) = (=b* — (m — 1)* + 1/4) sech’(x)
— 2i(m — 1) bsech(x) tanh(x) . (1.4b)

For m = 1, the complex potential VT (x) has the same spectrum, apart from the ground state,
as the real potential V™~ (x), and this fact was used in the numerical study of the stability
of the bound state solutions of the NLS equation in the presence of V*(x) (see [39]). In a
recent complementary study [41] of this system of nonlinear Schrédinger equations in P7T°
symmetric SUSY external potentials, the stability properties of the bound state solutions of
the NLS equation in the presence of the external real SUSY partner potential V~ (x) were
investigated. The stability regime of these solutions, which depended on the parameters (b, ),
was compared to the stability regime of the related solitary wave solutions to the NLS equa-
tion in the absence of the external potential. Because the NLS equation in the presence of
V~(x) is a Hamiltonian dynamical system, in [41] they were able to use several variational
methods to study the stability of the solutions when they undergo certain small deformations,
and showed that these variational methods agreed with a linear stability analysis based on the
Vakhitov—Kolokolov (V-K) stability criterion [42, 43] as well as numerical simulations that
have recently been performed.

In [39], the authors determined the exact solutions of the equation for m = 1 for V' (x),
which was complex. They studied numerically the stability properties of these solutions using
linear stability analysis. They found some unusual results for the stability which depended on
the value of b. What was found for m = 1 (and x = 1) was that the eigenvalues of the linear
stability matrix became complex for 0.56 < b < 1.37.

3
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At that time, we had not yet formulated a variational approach for deriving the NLS equa-
tion in the presence of complex potentials. Recently, we have developed such an approach,
and have applied it to the response of the solutions of the NLS equation to weak external
complex periodic potentials. Using four variational parameters, we were able to predict the
time evolution of these solitary waves when compared to direct numerical simulation of the
NLS equation in the presence of these complex potentials [44]. Given this new tool, we would
like to return to the original problem of the stability of the exact solutions found in [39], and
see how well this variational approach agrees with numerical simulations as a function of the
strength of the dissipative part of the potential which is proportional to bm. In this paper, we
focus on the external potential V* (x), which is symmetric in b <> m.

Here, we will compare the numerical simulations with the results of our collective coor-
dinate (CC) approximation. We will also look at the linear stability analysis that arises from
studying the linearization of the CC ordinary differential equations (ODEs). For the case of a
real external potential, studying the eigenvalues of this reduced stability analysis predicted the
correct stability regime [45].

This paper is structured as follows. In section 2 we review the non-Hermitian SUSY model
that was studied in [39], and add the self-interactions of the NLS equation to the linear model.
In section 3, we give some of the exact low-order moment equations for this problem. In sec-
tion 4, we introduce our collective coordinate approach, whereas in section 5, we use a four
parameter trial wave function that we considered in an earlier study of soliton behavior in
complex periodic external potentials, and derive equations for the four CCs. In section 6, we
expand the number of CCs to six and derive equations for the six CCs. In section 7, we study
the linear response theory of the six CC approximation. In section 8§ we present our numerical
strategy for solving the NLS equation, starting from a perturbed exact solution. In section 9
we compare the four and six CC approximations with direct numerical simulations. In sec-
tion 10 we present our main conclusions. Finally in appendix A we provide the definitions of
various integrals, and in appendix B we show that for this problem, our variational approach
is equivalent to the generalized traveling wave method [38].

2. NLS equation in the presence of a non-Hermitian supersymmetric
external potential

We were interested in studying the NLS equation in the presence of a complex external poten-
tial, and were intrigued by the fact that as a result of P7 symmetry, there existed complex
potentials whose SUSY partners were real, and had explicitly known spectra of bound states.
This led us to study the external potential defined by the P7 symmetric SUSY superpotential
Wi (x) given by equation (1.3). This superpotential gives rise to supersymmetric partner poten-
tials given by equations (1.4). For the case m = 1, V~(x) is the well known Poschl-Teller
potential [46, 47]. The relevant bound state eigenvalues assume an extremely simple form:

1
E,(l_):—z[Zb—2n—1]2. Q2.1

Such bound state eigenvalues only exist when n < b — 1/2. We notice that for the ground
state (n = 0) to exist requires b > 1/2. The existence of a first excited state (n = 1) requires
b > 3/2. Here we consider the general VT (x) arising from the superpotential W, (x) depend-
ing on m, b as an external potential modifying the nonlinear Schrodinger equation. Rewriting
the external potential given in equation (1.4a) as
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VE(x) = Vi(x) +iVa(x), (2.2)
we have

Vi(x) = —(b* +m® — 1/4) sech®(x) , (2.3a)

V,(x) = —2mb tanh(x)sech(x) . (2.3b)

Note this potential is invariant under the exchange of b and m. We are interested in the stability
properties of the exact solutions of the NLS equation in this external potential:

{10+ 0 + gl (e )] = [Vi(x) +1V2(x) ]} o(x.1) = 0. 24

This equation can be obtained from a generalized Euler-Lagrange equation using a dissipa-
tion functional [44],

o OF
5o~ syt (2.5)
where
F:/dr{gfdx[w*wt—ww:]fff}, (2.6a)
2k+2
i [axjup - v er), .60
F= /th - i/dxdtVz(x) [ 0" — o o] . (2.6¢)

Localized solutions to equation (2.4) exist for arbitrary values of «, m, b. Here we use o(x, t)
to denote the exact solution to the NLS equation in the external potential,

Yo(x, 1) = Ag sech!/ % (x) el Er+o(] .7
where
4b
d(x) = f; tan~ftanh(x/2)] , 2.8)

with E = 1/k?, and

[4b%K? — (K + 2)?] [4m?K? — (K + 2)?]

A2n _
8% 4K (5 + 2)2

(2.9)

We notice when mb =0 the potential is real, and that solutions exist for
m? +b* — 1/4 < (k + 1)/K>. There are two regimes where A3 is positive, and so a solution
exists when m # 0. This form of the solution reflects the fact that the potential V™ is invariant
under the interchange m < b.

In a previous paper [48], we studied the stability of these solutions for m = 0 (real external
potential) and for arbitrary «. In that paper, we also considered two other cases where exact
solutions exist. For the case of g = —1 and attractive potential, for V, = 0, all the solutions
that were allowed were stable. Solutions also exist for V, # 0, and are given by equations (2.7)
and (2.9) with g = —1. For g = 1 and a repulsive real potential, we found the solutions for
V, = 0 were translationally unstable. Solutions again exist when V, # 0 for this case. We will
not discuss these solutions further here.
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Here, we will confine ourselves to x = 1, g = 1 and an attractive external potential V}, and
study the domain of applicability of the variational methods we have developed previously to
the case of increasing the dissipation by allowing m to vary. In particular, for the case we will
concentrate on here (k = 1) we have

gAl = (4b* — 9)(4m* —9)/36, (2.10)

so that when m? < 9/4 we need b* < 9/4 for there to be a solution. Also, if we confine our-
selves to an attractive potential, so that we avoid the known translational instability associated
with repulsive potentials [48], then we also require b*> + m*> > 1/4. Note that gA3 is indepen-
dent of g. For k = 1 we have

B(x) = (4mb/3) tan™'[tanh(x/2)], (2.11a)

Ovp(x) = (2/3) mbsech(x) . (2.11b)

3. Some general properties of the NLS equation in complex potentials

We are interested in solitary wave solutions that approach zero exponentially at +c0. For these
solutions, we define the mass density p(x,t) = |1 (x, )|, and the mass or norm M(¢) as

/dxpxt /dx|¢xt (3.1

In addition, we define the current as

JOe 1) = 1[0 1) 97 (6 1) — 97 (6 1) du(x,1) ] - 3.2)

Multiplying the NLS equation (2.4) by ¥*(x, t) and subtracting the complex conjugate of the
resulting equation, we obtain

Op(x.1) |, Bjx)
ot Ox

Integrating over space, and assuming that j(+oo, ) — j(—o0,t) = 0, we find

=2V, (x) p(x, 1). (3.3)

aM() _ 2/de2(x)p(x,t). (3.4)

Note that M is conserved when V,(x) = 0. If we instead multiply the NLS equation by ¢*, and
add the complex conjugate of the resulting equation, we get

(" —Yyr)
= 289" — U Pu — PP +2Vi(x) p (3.5)
which when we integrate over space, leads to the virial theorem:

5 [axwrii—urv) - [ el - glvl]
— [ @i wp. (3.6)
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The average position g(#) can be defined through the first moment of x as follows:

(0= [ derotet) = gom(o. (3.7)
Multiplying the continuity equation (3.3) by x and integrating over all space we find
dm
d—tl =2P(r) + Z/dxx Va(x) p(x, 1), (3.8)

where the momentum

P(1) % / dyi(x, )

= %/ dxl 97 (x, 1) Yu(x, 1) — 5 (%, )p(x, 1) ] 3.9)

Here, we have assumed that

lim xj(x,) = lim xj(x,1) =0. (3.10)

Assuming that the density is a function of y = x — ¢(¢) and ¢, we find

G M0 a0)] = 2P0 +2 [ asValy+ 0) o) + 20(0) [ @ Vo) pla 0.0,
We recognize the last term as g(¢)dM(t)/d¢, so that we finally have:
M L =220 +2 [ avy Vit +a(0) 0. @11

Taking the time derivative of the momentum P(¢), using the equations of motion for ¢ and *,
and integrating by parts, we find

dp(r) _ _/dxp(x,t)av *) +/dxj(x,t) Va(x) . (3.12)
Here
a‘;}gx) = 2(b* +m* — 1/4) tanh(x) sech®(x) . (3.13)

Note that in our case Vi(x) is an even function of x, and V,(x) is an odd function. In our
study, we will assume p(x,t) = p(y, ) where y(f) = x — ¢(t). That is, the functional form of
p will be maintained if it is given a slight perturbation away from the origin. If it stays at the
origin (¢(¢) = 0), and only changes its width and amplitude under perturbation, then we see
that since p is an even function of y, and V,(x) an odd function of x, the mass is conserved.
One can, in a systematic fashion, obtain the equations for the higher moments of (x" p™),
where p = —i9/0x. It can be demonstrated that the four and six collective coordinate approx-
imations we derive in this paper will satisfy a particular subset of four and six moment equa-
tions, respectively [38].
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4. Collective coordinates

The time-dependent variational approximation relies on introducing a finite set of time-depen-
dent real parameters in a trial wave function that one hopes captures the time evolution of a
perturbed solution. By doing this, one obtains a simplified set of ordinary differential equa-
tions for the collective coordinates, in place of solving the full partial differential equation for
the NLS equation. By judiciously choosing the collective coordinates, they can be simply
related to the moments of x and p = —id/0x averaged over the density p(x, t).

That is, we set

Y(x,1) = Y[x,0(1)],
o) ={Q'(1.Q°(1).....Q" (1) } e R™. (4.1)

The success of the method depends greatly on the choice of the trial wave function ¢ x, Q(¢) ].
The generalized Euler—Lagrange equations lead to Hamilton’s equations for the collective
coordinates Q(r). Introducing the notation 9,, = 9/0Q", the Lagrangian in terms of the col-
lective coordinates is given by

L(Q.0) = m,(Q) Q" —H(Q), 4.2)
where 7, (Q) is defined by
m@) =5 [P0 [0,5(0)] - (9,5 O}, @3

and H(Q) is given by

H(©) = [a{ 00 OF - S OF 4+ Vi [0k QP .
Similarly, in terms of the collective coordinates, the dissipation functional is given by

F[Q. 0] = wu(Q) 0", (4.5)
where
w0 =i [ AVa(n) (9(:.0)[0,9(x.0)] - [0, ()] 5. Q) }. 46)

The generalized Euler-Lagrange equations are

OL d(aL):_BF

aor  dir \gom oon @7
Setting v,,(Q) = 9,H(Q), we find

fur(Q) Q" = uu(Q) = v.(Q) — wiu(Q), 4.8)
where

Ju(Q) = 0um(Q) — Oumu(Q) (4.9)

is an antisymmetric 2n x 2n symplectic matrix. If det f(Q) # 0, we can define an inverse as
the contra-variant matrix with upper indices,

() fve(Q) = 65 (4.10)
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in which case the equations of motion (4.8) can be put in the symplectic form:

0" =f"(Q) uy(Q) - @.11)
Poisson brackets are defined using f#¥(Q). If A(Q) and B(Q) are functions of Q, Poisson
brackets are defined by

{A(Q),B(Q) } = (0,A(0)) /" (Q) (0.B(Q)) - 4.12)

In particular,

{007} ="(0Q). (4.13)

It is easy to show that f,, (x) satisfies Bianchi’s identity. This means that definition (4.12)
satisfies Jacobi’s identity, as required for symplectic variables. The rate of energy loss is
expressed as

O — o0 @m0,

since f*¥(Q)is an antisymmetric tensor.

5. Four parameter trial wave function

Let us first look at the four parameter trial wave function that we have successfully used to
study the effect of weak complex external potentials on the exact solution of the NLS equa-
tion in the absence of that potential. That is, we will choose

D(x,1) = AoB(t) sech[ B(r) y(x, 1) ] e 90 | .1

where A is the amplitude of the exact solution in the presence of the external potential (2.10)
and is a funcition of m, b, g, and

¢ 1) = =0(1) +p(1) y(x,1) + ¢(x) . (5.2)

Here, ¢(x) is given by equation (2.11), and we have put y(x,t) = x — g(¢). The four varia-
tional parameters are labeled by

0" = q(1),p(1), (1), 0(z) . (5.3)

The derivatives of 1) (x, ) with respect to 7 and x are given by

Wi(x,1) = Ao { Bsech(By) — Bsech(By) tanh(By) [ By — 5]
+iBsech(By) [0 +py—pg] }eot) (5.4a)

1/~1X(x, ) = Ag S { —B sech(By) tanh(By) + isech(B8y) [p + (2/3) mb sech(x)] }ei‘z’(“) ,

(5.4b)

where we have used (2.11b). Then the density and current is given by
p(x, 1) = A} B*sech?(By) , (5.5a)
Joet) =2p(x.1) [p+ (2/3) mbsech(x) ] . (5.5b)
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The time-dependent mass, M(¢) which is a normalization factor, is given by

M) = [ awlxn) =243 50). (5.6)
and the Lagrangian and dissipation function are given by

L= [t v = vl - Hlv ] (5.7a)

H= [l = glvlt/2+ Vi) [P (5.75)

F:i/dxvz(x)[w*w,—w:‘w]. (5.70)

The generalized Euler-Lagrange equations are

oL oL oF

s 05 T T 80
oL, 0L or -
R T T 50
For the trial wave function of equation (5.1), we find
i Tk T Tk T
Llg] = 5 [ " b G )
=2458(0+pg) =m.(Q) 0" (5-9)
where
T, = 2A5 B, m, =0, 75 =0, Tg = 2A% 5. (5.10)
The only partial derivatives of 7, (Q) that survive are
Oy =2A38,  Opm, =2A5p,  Opmg = 2Aj. (5.11)
So the symplectic matrix and its inverse are given by
0O -8 —p O
Lol B8 0 0 0
f:u.D(Q) - ZA() p 0 O 1 s
0O o0 -1 0
0 1 0 O
1 -1 0 0 »p
Q) = —— (5.12)
©) 243610 0 0 —-p
0O —-p B O
From the Hamiltonian (5.7b) and our choice of trial wave function we find that
H(Q) =A38{(2/3) 8> +2p* + (4/3) pmb S 1,(5,q)
— [ +m? — (4/9)m’b? — 1/4] B1r(B.q) }
—(2/3) 843 8" 613

10
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where 1;(5, q) and L (3, q) are given in appendix A. Then, defining v, = 0,H(Q), we find
vg = —AG B[(4/3) pmb B£i(5.q)
—2[D* +m* — (4/9) m*b* — 1/4] Bs(8,9)], (5.14)
v, = AG Bl4p + (4/3)mbB1(B.q)]. (5.14b)

vg =AyB{28+2p*/8B
+ (8/3)pmb[1,(8.q) — Bfio(B.q)]
—2[b* +m* — (4)9) m*b* — 1/4]

< [L(B.q) — Bf(B.9)) — 28458} (5.140)
vg =0, (5.14d)
where the f;(, q) are given in appendix A. From (5.7¢), the dissipation function is given by
F[Q. Q] = w.(Q) Q" . (5.15)
where
wy = —4mbAj 8 pfi(8.q) , (5.16a)
wy, =4mbAj 5 f(B,q) , (5.16b)
ws =0, (5.16¢)
wo = —4mbA; 3 fi(B.q) - (5.16d)

Here fi(B,q) and f>(8,q) are given in appendix A. In terms of the vector u,(Q) =
v,,(Q) — w,(Q), Hamilton’s equations for the variational parameters are

0" =" (Q) u,(Q) . (5.17)
which gives
g=2p+(2/3)mbB1L(B.q) —2mbBf(B.q). (5.18a)
p=(2/3)pmbBfi(6.q) (5.185)
—[D* +m® — (4/9)m’b® — 1/4] Bf5(B.q) . '
B=-28"mbfi(B.q). (5.18¢)

The equation for 0 is not needed for the evolution of the set of equations given in (5.18). For
m = 0, the equations reduce to

qg=2p, (5.19q)
p=—[b>—1/4]Bfs(B.q) (5.19b)

B=0. (5.19¢)

1
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So in this case, 5 = 1 and is fixed. This is because the normalization must be conserved.
Equations (5.19) then reduce to

G+2[b* —1/4]fs(1,q) =0. (5.20)

5.1. Small oscillation equations

Using the expansions found in appendix A.1, we obtain for the small oscillation equations (we
setg = dq, p = 0p, and B = 1 4 §F with 6Q* assumed small),

5 = 712 (97> — 64)bm 63 +20p , (5.21a)

5p = _%(bZ +m* — (4)9)b’m® — 1/4) éq, (5.21b)
. ™

08 = —5 mb dq . (5.21¢)

Thus, we obtain for g

6G + w?(b,m) g =0, (5.22)
where
2
) ™
b,m) = —
wibm) = 12 (
The period T = 27 /w(b, m) for m = 0 and m = 1 is shown in figure 1.

9% — 64 ) b*m* + % (B> +m* — (4)9) b*m* — 1/4). (5.23)

6. Six parameter Ansatz

One expects that when one increases the number of CCs the accuracy of the variational
approximation increases. For the six parameter Ansatz we will introduce a ‘chirp’ term [49]
A(¢), conjugate to the width parameter 3(¢). That is, we will assume

D(x,1) = A1) sech[ B(1) y(x,1) ] €1 2D | (6.1)
where

S(x 1) = —0(1) + p() y(x, 1) + A(D)y(x 1) + B(x) . (6.2)
Here ¢(x) is given by equation (2.11) and we have put y(x,t) = x — g(). We find

plx 1) = [(x,1)* = A*(t)sech’ (By) , (6.3)
so that the mass becomes

_ _2A%(1)
M(t) = /dxp(x, 1) = 50) (6.4)

It will be useful to employ M(#) as a collective coordinate rather than A(z). The six
time-dependent collective coordinates then are

0"(1) = {M(1),0(1),q(1), p(1), B(1), A1) } . (6.5)

12
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Figure 1. Period as a function of b for m = 0 (upper curve) and m = 1 (lower curve)
for the 4 CC approximation.

The parameters [(¢) and A(r) are related to the two-point correlation functions
Gy = ((x —q(r))*) and Py = ([x — q()]p + plx — q(1)]) where

)= [ Oweora/ [ wiopar, 66

Thus, we find G, = 7%/(123%), and

PF:/Mw» (62 — G501 /M ()
B 2. LI(B.q)
= 352 Jr fbm M(t) s 6.7)

where I3 is given in appendix A. We see that P; is directly related to A when the potential is
real.

From the formalism given in section 4, the equations of motion for the collective coordi-
nates follow. For the kinetic term in the Lagrangian, we find

mm =0, T =M, T4 = Mp, m, =0,

7.‘.2

mg =0, WAZ—MW, (6.8)
and the only non-zero derivatives are then
Oyme =1, OmTy =P, Opmyg =M,
7T2 7T2
The antisymmetric symplectic tensor is then given by
0 1 p 0 0 —72/(12/8?)
—1 0 0 O 0 0
B —p 0 0 —Mm 0 0
Juw(Q) = 0 oM 0 0 0 . (6.10)
0 0 0 O 0 Mr?/(65°)
72/(126%) 0 0 0 —M=n?/(683%) 0
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Since det f;;(Q) = M*n*/(36(3°) and is non-zero, the inverse is given by

0o -1 0 0 0 0
1 0 0 —p/M 5/2M) 0
0 0 0 1/M 0 0
O=1 M —1im {) 0 0 6.11)
0 —p/(2m) 0 0 0 —65%/(1>M)
0 0 0 0 68°%/(x*M) 0

For the dissipation functional, we obtain

F(Q,0Q) = 2Mmbp3 / dy sech?(By)sech(y + ¢) tanh(y + ¢) [0 + py — pg + Ay* — 2yAq]

(6.12)
which gives
wy =0,  wp==2MmbBfi(B,q),  wy=-"2MmbB[pfi(B,q)+2M:(8,9)].
wy =2MmbBfH(B,q),  ws=0,  wa=2MmbBf(B,q).
(6.13)
For H(Q), using the six parameter Ansatz we now obtain
HQ) _, B mA 28 4p
= _— - b 1 B 7b AI b
w P T3 T aE 3 Pbm1i(8.q) + == bmAL;(5.q)
_8MB B o 1 4, s (6.14)
| L Sl PN RS
All the integrals are defined in appendix A. For v,,(Q) = 0,,H(Q) we obtain
2 242
) A 203 45
Opm =P + ? + 3,62 + ?pbmll(67Q) + ?bmAIB(ﬂ’q)
_8MB 1, 5 1 4, 510
3 b +m’ = =5 bm } 212(5,61)’ (6.15a)
0o =0, (6.15b)
2 4
0= — 2 Mpbmfi(5.) ~ 2 MbmAR(5,q)
1 4
M (B = b | B(Ba). (6.15¢)
2M
v, = 2Mp + TB bmI(B,q) ., (6.15d)
2MB  2M7m*A 2M aM
V=3~ —3; 3 phmh(B.a)+ 5 bmA (B g)
_gMz_% 2 2 1 4., _4Mp
S =T [ — g =50 | n(5.q) - S pomfin(B.q)
8M 1 4
- Tﬂbm/\fg(ﬂ,q) + [bz +m? — 179 bzmz} MBf(B.q) (6.15¢)

14
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2m*MA  4ABM
on = 7;52 + BT bmI;(B,q) . (6.150)
The symplectic equations of motion are
0" =" (Q)u,(Q) . (6.16)
from which we find
M = —2M mbBfi(B.q) (6.17a)
: , 2, 5 1
0= —p + 35 — 580M+ 3 mbpB1i(5.q) + 2mbSAL(B, q)
2 4
+2mbpBf(8,q) = 3 mbpB fio(8,q) — 3 mbF*Af(B.q)
1 1 4
2 [b2 +m* — 2 §b2m2} BI3L(B.q) —28f(B.q9)], (6.17b)
) 23
q=2p+ = mbl (B,q) —2mbBf(B.q) , (6.17¢)
2 8 1 4
p=3mbBpfi(Bq) — 3 mbEAL(B.G) — [0 4 md = 5 — 5w | Bu(B.q).
(6.17d)
. 83 1284
B = —mb B’fi(B.q) — 46N — Tﬁz mbI;(5,q) + ?f mbf;(B,q), (6.17¢)
) 484 4 8
A =—4A + 7/32 +— Bpmb 1, (B, q) + — B Amb I;(B. q)
M 68° 1 4
SO [ e o f(5g)
83* 1634
S bmpsio(8.0) 2 A (5,4) (6170

In equation (6.17f), we use the identity (A.10). Here M(¢) is a dynamic variable. In order for
the variational trial wave function to match the exact solution at t = 0, the initial conditions
are

qo =0, po =0, Bo=1, Ay =0, 0o = —t,
(452 — 9)(4m? — 9)

My = 3 . (6.18)

As a check, the right-hand sides of equations (6.17) vanish [except for 9(0) = —1] at these
initial values, which guarantees that the exact solution is stationary. For non-zero values of
qo and/or f3, the values of py and A are sometimes fixed by setting go = 0 and 5y = 0, and
solving equations (6.17¢) and (6.17¢) for pg and Ay, which gives

15
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1 2
Po=75 {510 - gmbﬂo 11(Bo, q0) + 2mbPo f2(Bo, qo) | » (6.19a)
1 . ) 8 " 12 4
Ao = 7 [—ﬁo — mbBgfi (Bo, q0) — s mb " I3(So, q0) + s mbf3 f3(,30,610)} . (6.19b)

When m = 0, the external potential is real, and M = 0. The stability of the solutions to
this equation for arbitrary x, and for repulsive and attractive potential V;, as well as positive
and negative g, was studied using a variety of methods, and the stability properties and small
oscillation frequencies for ¢, p, 3, A were determined in [48]. For that problem, when we set
x = land m = 0, our equations simplify to

g=2p,

B=—4pA,

C a4 eBM 6B, 1

A= —4A +?—7_?[b _Z}fS(ﬂ:Q)’ (6.20)

which agrees with the results in [48] once we use the fact that f3[G, g, ] in that paper is just
B%fs(8B,q) here. At m = 0 the small oscillation equations for 3 and ¢ decouple. Using the
expansions of the integrals found in appendix A, we find that the small oscillation equations are

6g = 26p,
, 8
0p = =15 (0" = 1/4)dq, (6.21)
so that
8G +wyég =0,
16
wg=15(b* = 1/4). (6.22)

This agrees with the result from the four parameter Ansatz. However, we get a different fre-
quency for the [ oscillation,

68 = —45A,
. a4 1
B T A 6.23
oA 5w 15}5/8’ (6:23)
so that

5B +whéB =0,

4 4 1 (6.24)
2 s -
“5_4[15+7r2 15}'

Plots of wg and wé for m = 0 are shown in figure 2(a).

7. Linear response results for the six CC approximation

We linearize the set of equations given in (6.17) by expanding the equations about the exact
solutions, Q" = Qf + 6Q* keeping only the first order terms. Note that Qf are given in equa-
tions (6.18). Using the expansions of appendix A.1, we find

16
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SM = ,g mb Mo dq , (7.1a)
5= <5M+7—7r ) +1{1+2—7T2—<1+12>M}5ﬁ 7.1b
I T TR 15 \3t3p)8Mo]or, (7.10)
5G = =5 (97 — 64)mb 85 + 23p, (7.1¢)
4 4
5p = — [gMy —4]6q — — mb oA, (7.1d)
15 9
. T 20
= —_— —4 A N
53 [2 37r]mb6q SA, (7.1¢)
. 2bm g 2 30
where we have used the relation
4 1 1
2 2 22
J— ——=2——-gM,. .
b*+m 9bm 2 2 5 8Mo (7.2)
Equations (7.1) are written as
50" = M",(Q0) 60, (7.3)

from which we find

50" + WH,(Qo) 60" =0,
WMD(QO) - _MHJ(QO)MUU(QO) .

Here W#,(Qp) is Hermitian. The squares of the linearized oscillation frequencies w* are given
by the eigenvalues of W*,(Qp). One can show that the matrix W*,(Qy) can be split into two
blocks, one of them coupling (dg, dA, §6), the other coupling (dp,d3,5M). Both of these
blocks give identical eigenvalues, a zero eigenvalue and two non-zero eigenvalues. For exam-
ple, using equations (7.1), we find

(7.4)

2

0§ —[Adg+BoA] =0, (7.5a)
OA —[Dég+ESA] =0, (7.5b)
where

- 8 (971’2 - 64)(37T2 - 40) b2m2 (7661)

A=15(eMo—4)+ 432 .
2 7Tbm

_ gMy | 2(3m> —40) | (gMo—4)(16 — 7°) 7.60)

D_b’"{ w T 3m 157 } (

17
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Figure 2. Plots of the linear response frequencies wé (lower curve in red) and wé (upper
curve in blue) as a function of b for (a) m = 0, (b) m = 1, and (c) m = 1.25. The black
dots represent data from the numerical simulation (see section 9). The product mb
controls the strength of the imaginary part of the potential.

16 8 ,, 8
E=-——— — — (gMy — 4 .
g 27mb +15(g 0—4), (7.6d)
from which we find
1
w2:§[—(A+E):I: (A—E)?+4BD]. (7.7)

Although these two frequencies increase together when m = 0 as a function of b, once we
get near m = 1 they start repelling each other, and the dependence of the lower frequency has
a maximum as a function of b, instead of monotonically increasing. This is shown in figure 2.
Note that when m = 0 and b2 < 1 /4, the potential becomes repulsive, which leads to w? <0,
and thus to a translational instability. This was studied in detail in [48].

8. Computational strategy

In our previous sections, we were able to develop a six parameter variational approach to
the time evolution of slightly perturbed solutions of the NLS equation in an external com-
plex potential. We were able to get an explicit analytic expression, as a function of m, b, of
two oscillation frequencies that affect the response of the solution to small perturbations.

18
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So the first question we would like to answer is how this analytic result compares to the actual
response found by numerically solving the NLS equation. The second question we want to
answer is that of the domain of applicability of the variational approach in terms of predict-
ing the actual time evolution of the low-order moments of the solution. This has two parts: (i)
for fixed m, b, how long is the approximation valid?; and (ii) as we increase the magnitude of
the complex part of the potential, by—say—rvarying m for fixed b, when does this approach
start to lose its validity? In our approximation for all b, m that corresponds to an attractive
potential, there is no translational instability. So we would like to see, in our numerical simu-
lations, that for the case m = 1 (and « = 1), the translational instability that arises due to
mixing of the solution we are considering with the first excited state in the potential occurs at
times much later than the domain of applicability of the six CC method. For that case, when
0.56 < b < 1.37 a late time translational instability was found.

To study the evolution of equation (1.1) numerically, we have used a homemade code using
a Crank—Nicolson scheme [50]. In [44] we have shown that the Crank—Nicolson scheme is a
reliable method for successfully solving equation (1.1) in the presence of a complex potential.
For the sake of comparison with the analytical calculations, the initial soliton shape ¢ (x, 0) in
our simulations is given by equations (6.1) and (6.2) at t = 0. The complex soliton shape in the
transverse spatial domain x was represented in a regular grid with mesh size Ax =2 x 107°
and free boundary conditions were imposed. The mesh size was chosen to be much smaller
than the initial soliton width parameter 1/5(0) = 1, so that very small variations of the soliton
position could be accurately measured by using a center of mass definition, i.e. ¢ = (x), where
the expectation value is defined in equation (6.6). The soliton width W(z) is the square root
of the normalized second moment G, = 72 /(12/3%(¢)). The soliton width parameter 1/4(t) in
the simulations was calculated using the expression 1/6(f) = /G2(#)/G2(0). The other CCs
measured in the simulations were the amplitude A(f) = max,cgr \/p(x,7) and the mass M(r)
given by equation (3.1).

9. Comparison of collective variable theories with simulations

Our potential is symmetric in b <+ m. When either b or m = 0 the potential is real, and the
small oscillation equations for ¢,p S, A decouple, giving rise to separate oscillation fre-
quencies in that regime. Once the imaginary part turns on, we expect that these two oscil-
lation frequencies appear to a certain degree in all the collective coordinates. Note that in
the collective coordinate approach the mass is related to the height and the CC parameter (3,
and is not an independent parameter; specifically, M(t) = 242(¢)/B(t). First let us choose
g=1,k=1,m=0and b =1 to see how well our CC approximation works when com-
pared with numerical simulations when the potential is real. For our simulations we choose
the parameters g = 1,k = 1,99 = 0.001, 8 = 1.001 and all other parameters to be those of
the exact solution. The small oscillation theory for this case predicts separate oscillation fre-
quencies for ¢ and 3, namely T, = 7.025, wé = 0.800 and T3 = 4.038, w% = 2.421. These
frequencies are located on the two branches in figure 2(a), and agree with the six CC approx-
imation. The simulation results are represented by the black data points. This is seen in both
the six CC approximation and the numerical simulation.

Since the perturbation is so small, we subtract the initial value of 1/5y = 1 from 1/8 to
show the oscillation in the numerical simulations. We see that for ¢(¢), both the amplitude
and period of oscillation are well reproduced by the six CC theory. This is shown in figure 3.
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Figure 3. Comparison of the four CC (blue line), six CC (red line) and numerical simu-
lation (black line). Parameters and initial conditions are m = 0, go = 0.001, 8 = 1.001.
All other initial conditions are the exact solution values. Since M = M), we display
only g and 1/ — 1/p. For this choice the two linear response periods are T, = 7.025,
and Tg = 4.038. (a) Position ¢(¢) versus 7. (b) Width 1/3(¢) — 1/3(0) versus 1.

For the width parameter 1/, the oscillation period is 4.00, which agrees well with the
linear response result 4.038, but not so well with the simulation result. Here the spectrum
consists of several peaks around the frequency of 1.132, which corresponds to the period 5.55.
Moreover, the soliton amplitude A(r) has the period 3.85, which is rather close to the above
value of 4.00.

For our simulations with a complex potential we choose the parametersg = 1,k = 1,m = 1,
and three values for b. First we choose b = 0.1, so that the imaginary part of the potential is
small, and the dissipation is weak. Next we choose b = 0.5, which is located in the lower stabil-
ity regime 0 < b < 0.56; and b = 1.45 is located in the upper stability regime 1.37 < b < 1.5.

The exact solution equation (2.7) is stationary, and is obtained by the CC Ansatz equa-
tion (6.1) with the initial conditions (ICs) gy =0,po = 0,5y =1,A0 = 0,0y =0, and
gMy = (4b* — 9)(4m?* — 9)/18—see equations (6.18). In order to test the stability of the exact
solution, we choose ICs that are slightly different from the above values. This excites intrinsic
oscillations of the soliton, which are seen in the time evolution of the CCs, obtained by solving
the six CC equations—equations (6.17)—using a Mathematica program. These oscillations
are compared with the oscillations observed in the simulations, i.e. in the numerical solution
of the NLS equation. In particular, the frequencies, periods and amplitudes of the oscillations
are compared.
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Figure 4. Comparison of the four CC (blue line), six CC (red line) and numerical (black
line) simulations for » = 0.1. Parameters and initial conditions are m = 1, go = .001, all
other initial conditions are the exact solution values. Here we display ¢(z), A(¢), and
1/5(¢). For this choice the two linear response periods are T, = 7.025 and T3 = 4.038.
(a) Position ¢(z) versus ¢. (b) Amplitde A(r) versus . (c) Width 1/3(¢) versus .

For the case b = 0.1, the four CC and six CC results are nearly identical, and agree very
well with the simulation results in figure 4.
The periods of the oscillations are Tycc = Tgcc = 7.14, compared to Ty, = 7.69. This
means that the error in the CC theories is only 7%.
For the case b = 0.5, the six CC result is much better than the four CC result, and agrees
rather well with the simulation shown in figure 5. The periods are Tycc = 5.26, Toscc = 6.25

and T, = 6.67, the error is 6%.
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Figure 5. Comparison of the four CC (blue line), six CC (red line), and numerical
simulation (black line) for b = 0.5. Other parameters and initial conditions being the
same as in figure 4. (a) ¢(¢) versus 7. (b) A(z). (c) 1/5(¢).

For the case b = 1.45 the four CC result fits the numerical result poorly. The six CC result
is very anharmonic, and the oscillation amplitudes do not agree well with the simulations, as
seen in figure 6. Nevertheless, the periods Tecc = 8.33 and T = 7.69 agree within an error
of 8%. Interestingly, the spectra exhibit a second frequency which is also obtained in the lin-
ear response theory. Figure 2(b) shows the two frequencies for all values of b. However, the
simulations show only one frequency.
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Figure 6. Comparison of the four CC (blue line), six CC (red line) and numerical
(black line) simulations for b = 1.45. Other parameters and initial conditions are the
same as in figure 4. (a) ¢(¢) versus z. (b) A(z). (c) 1/5(¢).

So far, we have always taken go = 0.001, and the other ICs as in the exact solution. Choosing
a finite value for pg gives very similar results, because the ¢ and p oscillations are related—see
the relations below equation (6.21). Let us now consider b = 1.45 and finite values for Ao,
which will also affect the width 1/ because their oscillations are related. Choosing a very
small, negative value Ay = —0.00005, and increasing this value by steps, we find that the
anharmonicity of the CCs gradually decreases. For Ag = —0.000 25 the oscillations are nearly
harmonic, and the periods are the same as in figure 6.

For Ag = +0.00025 the periods are again the same as in figure 6. However, the spectrum
of M(r) exhibits a second peak at T, = 2.38, which is stronger than the first peak at 7} = 8.33.
This second peak belongs to the upper branch in figure 2(b) which was obtained by our linear
response theory. However, this peak is not seen in the simulations.

10. Conclusions

In this paper, we have investigated the domain of applicability of four and six CC approx-
imations in studying the response of the nodeless solution of the NLS equation in the pres-
ence of a complex Scarff II potential to small perturbations. This type of approximation had
been used in the past to study the response of exact solutions of the NLS equation when in
the presence of weak harmonic complex external potentials. In this paper, we instead consid-
ered a PT -symmetric potential, where we could vary the strength of the complex part of the
potential from zero to its maximum allowed value. Using a small oscillation approximation to
the CC equations, we were able to obtain analytic expressions for the two frequencies of small
oscillations found in our six CC approximation. These frequencies were quite close to those
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that were found in the numerical simulations of the discretized PDEs when we perturbed the
initial conditions of the exact solution. This was true for all allowed values of the parameter
product bm, which governs the strength of the imaginary part of the potential. We found that as
we increased bm, the four CC approximation quickly broke down. The six CC approximation
was quite a reasonable approximation even at bm = 1/2, but at the maximum value we stud-
ied, bm = 1.45, it tracked accurately the position of the solitary wave for less than 1/4 of a
period, and then began to differ from the numerical solution.

This paper is our first study of the domain of applicability of the collective coordinate
approximation when one perturbs trapped solitary wave solutions to the NLSE when in the
presence of a complex external potential. For systems with arbitrary external complex poten-
tials, and NLSEs with arbitrary power of nonlinearity, such an approach is always possi-
ble. The collective coordinate equations can be obtained either from a dissipation function
formalism or from the GTWM. What has to be determined on a case by case basis is how
many collective coordinates are needed to obtain an accurate description of the solitary wave
motion. As far as questions concerning small oscillation frequencies, these seem to be very
well determined using six collective coordinates for this particular problem, independent of
the strength of the complex potential. Recently, there have been two modifications of the
NLSE that are known to have exact solutions: the derivative NLSE (DNLSE) [51-53]; and
the nonlocal PT-symmetric NLSE [54-56]. For the first case, we have recently shown that the
DNLSE equations can be derived from a dissipation functional formalism, and are amenable
to a similar collective coordinate treatment [57]. In the second case, the forms of the exact
solutions suggest that using the collective coordinates related to the lower order moments of
the solution, such as the time-dependent position, width, and chirp parameters, and some ver-
sion of the GTWM, one should be able to obtain the time evolution equations for the collec-
tive coordinates. Thus we believe that the approach taken here will have many applications in
nonlinear optics when there are complex potentials present.
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Appendix A. Definition of integrals

‘We note that

dz

d
e tanh(z) = sech®(z) .

Some useful integrals are the following:

/ dzsech?(z) = 2,
/ dzsech®(z) = z.
2

4

/ dzsech*(z) = = ,
3

/dzzzsechz(z) = % )

/ dzsech?(z) tanh?(z) = % .

We define:

L(B,q) = /dxsechz(ﬁy)sech(x) = /dy sech?(By)sech(y + q)
L(B,q) = /dxsechz(ﬂy)sechz(x) = /dy sech?(By)sech’(y + q) .

L(B,q) = /dxysechz(ﬁy)sech(x) = /dyysechz(ﬁy)sech(y +q).

Also, we define:

fi(B.q) = / dysech®(By) sech(y + ¢) tanh(y + q) ,
A(Bia) = / dyy sech?(8y) sech(y + q) tanh(y + ).
£(B.q) = / dyy? sech?(By) sech(y + g) tanh(y + q) .

25

d
—sech?(z) = —2sech’(z) tanh(z) = —2sech®(z) sinh(z),

(A.la)

(A.1b)

(A.2q)

(A.2b)

(A2¢)

(A.2d)

(A.2¢)

(A.3a)

(A.3D)

(A.3¢)

(A.4a)
(A.4b)

(A.4c)
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/dysech (By) sech(y + ¢) tanh(y + ¢) ,

(A.4d)
/ dyy sech®(3y) sech(y + ¢) tanh(y + q) ,
(Ade)
= /dysech (By) sech®(y + ¢) tanh(y + q) ,
(A.4f)
= /dyysech (By) tanh(By) sech®(y +¢q) ,
(Adg)
= /dyy sech?(By) sech®(y + ¢) tanh(y + q) ,
(A.4h)
/dyy2 sech?(3y) tanh(By) sech(y + q) ,
(A.4i)
fio(B dyy sech?(By) tanh(By) sech(y +g) .
(A.4))
Partial derivatives of I,([, ¢) are given by
!
9 'éf]’ 9 _ —/dysechz(ﬂy) sech(y + g) tanh(y + q) = —fi1(8.9) , (A.5a)
o5 (B,
]éé 9 _ —2/dyy sech?(By) tanh(By) sech(y 4+ ¢) = —2f10(8,q) . (A.5D)
Partial derivatives of ([, ¢) are given by
oL (8,
zéi 9 _ / dysech?(8y) sech’(y + ¢) tanh(y + ¢) = =2fs(8.9) , (A.6a)
oL (8,
Zég 9) = —Z/dyy sech’(By) tanh(By) sech®(y + q) = —2f:(8,q) - (A.6D)
Partial derivatives of I5([3, ¢) are given by
OL3(,
3(%?1 9 _ _ /dyy sech?(By) sech(y + ¢) tanh(y + ¢) = —f(6.q) (ATa)
0L( 3,
3;% 9 _ —Z/dyy2 sech®(By) tanh(By) sech(y + g) = —2fo(B.q) - (A.7D)
A useful identity is obtained by integration of f7(, ¢) by parts. Using
%sechz(ﬂy) = —2Bsech’(By) tanh(By) , (A.8)

we find
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~26(B.q) = / ysech?(y + q) dsech? (By)
— [ seeti(3y) dysecti (s + g)

=— / dysech®(By)sech?(y + ¢) + 2 / dysech?(By)sech®(y + ¢) tanh(y + ¢)

= —L(B,q9) +2/:(6.9) . (A.9)

That is,
L(B,q) —28f(8.9) = 2(B.q) - (A.10)

We use this identity in the A equation, (6.17f). Next, we consider the expansion of the int-
egrals, and find the following, to first order.

A.1. Expansion of the integrals

11(1+56,5q)=g—§55, (A.11a)
L(1+4 68.6q) = g - %55, (A.11b)
L(1+468,0q) = —%561, (A.11c)
fi(l+6p,0q) = géq, (A.11d)
(14 68.0q) =%+%(16—3ﬂ2)56, (A.lle)
(14 68.09) = 418(*32+37r2)5q, (A11f)
fo(1+68,4q) = %&1, (A.11g)
f7(1+55»5q)=%+%(—15+w2)66, (A.11h)
R(1+68,0q) = % — 24—7;255, (A.110)
Jo(1 +08.6q) = Ge(16 —37%) dq (A1)

fio(1 + 68, 6q) :%+312(*16+7r2)55- (A.11k)
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Appendix B. Generalized traveling wave method

This method was named and used in a paper by Quintero et al [38]. We will show here that
it is an alternative way to obtain equation (6.16) for the rate of change of the collective coor-
dinates. The authors substitute the trial wave function directly into Schrodinger’s equation.
This gives

1070,9(x, Q) + tu(x, Q) + g [1h(x, Q)" ¥(x, Q)
= [Vl (x) Jrin(x)]@ZN)(x, Q) > (B.1a)

—i0"0,0" (x, Q) + (X, Q) + g [ (x, Q)" 9" (x, Q)
= [Vi(x) = iVa(x) | 9" (x, Q) . (B.1b)
Multiply (B.1a) by 8,4 (x, Q) and (B.1b) by 8,3 (x, Q), and add them to give
i{ [@ﬂ[’ﬂ [6u7/~}] - [aﬂ[}*] [aﬂﬂ } QV + [@ﬂl;*] 7J}xx
+ (0,0 05+ { g 101" — Vi(x) }{[0,07] 9 + [0, 0] 9" }

= iV2(x) { [8,4"] ¢ — [0,9] 9" } - (B.2)
Integrating (B.2) over x, and the second term by parts gives
1u(Q) Q" = 0,H(Q) + Ru(Q), (B.3)
where
0) =i [ &{(8,57)(8,5] - (8,57 [0,1). (B4a)
/dx{|3x¢|2 g W' + Vi)Y, (B.4b)
—l/dxvz 510 -0 [8,0]} (B.40)

Here, we have interchanged p <+ v in the definition of 1,,,,(Q) from their equation (6) in [38].
So we see that R,,(Q) = —w,,(Q) and we find that

fw/(Q) = a,,,ﬂ',,(Q) - 8,,7T}1,(Q)

=5 [ @100 1[0,01+ 5 [0,0,0) - 10,0,0° 15 ~ [0,°1[0,0] - (0,51 0,0 ~ 5" (8,0,
10,0, 15+ (9,57 [9,5]}.
=i [ ax{(0,0° 110,91~ 10,5°] (8,51} = 1,,(0). (B.5)

In the notation used in the variational method, equation (B.3) becomes

Ju (Q) Q" = u(Q) —wu(Q) = v, (Q) - (B.6)

So the generalized traveling wave approximation is identical to the variational method. The
authors of [38] proved this in another way, in section III of their paper, for a simpler dissipa-
tive system.
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